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—— Abstract
Piecewise Linear-Quadratic (PLQ) penalties are widely used to develop models in statistical inference, signal processing,
and machine learning. Common examples of PL(Q penalties include least squares, Huber, Vapnik, 1-norm, and their
asymmetric generalizations. Properties of these estimators depend on the choice of penalty and its shape parameters,
such as degree of asymmetry for the quantile loss, and transition point between linear and quadratic pieces for the Huber
function.

In this paper, we develop a statistical framework that can help the modeler to automatically tune shape parameters
once the shape of the penalty has been chosen. The choice of the parameter is informed by the basic notion that each
PLQ penalty should correspond to a true statistical density. The normalization constant inherent in this requirement
helps to inform the optimization over shape parameters, giving a joint optimization problem over these as well as primary
parameters of interest. A second contribution is to consider optimization methods for these joint problems. We show that
basic first-order methods can be immediately brought to bear, and design specialized extensions of interior point (IP)
methods for PLQ problems that can quickly and efficiently solve the joint problem. Synthetic problems and larger-scale
practical examples illustrate the utility of the approach. Code for the new IP method is implemented using the Julia
language (https://github.com/UW-AMO/shape-parameters/tree/ojmo).

Digital Object Identifier 10.5802/0jmo.10
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1 Introduction

Piecewise Linear-Quadratic (PLQ) functions and their superclass, Quadratic Support functions [1] form a rich
class of penalties that are used for a range of applications. The choice of penalty plays a key role in the properties
of the final estimate. Using the Huber penalty (Figure 1(a)) rather than a quadratic to measure data misfit
is a typical approach to make an estimate robust to outliers [17]. The 1-norm applied directly to parameters
makes the final solution sparse, and is used in Lasso regression [29] and compressed sensing [15]. The asymmetric
quantile loss (see Figure 1(b)) is used for many regression applications [20].

The correspondence of the shape of a PLQ function to its role in estimation is well-understood. For example,
it is the linear tails of the Huber penalty that limit the effects of large residuals on the final estimate when used
as a misfit, and it is the nonsmooth behavior at the origin of the 1-norm that promotes sparse solutions when
used as a regularizer. Likewise, the asymmetry of the quantile loss that make it useful for financial applications,
where loss and gain are treated asymmetrically.

Here, we consider the choice of parameters that fully specify this shape. At what value should the Huber
transition between quadratic and linear? How asymmetric do we need the quantile loss to be? We focus on
questions that can be answered once we have model estimates and corresponding residuals in hand, but seem as
difficult a priori as any other parameter selection problem.
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2 Estimating Shape Parameters of Piecewise Linear-Quadratic Problems
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(a) Huber (k) (b) quantile (7) (c) quantile Huber (7, &)

Figure 1 Huber and quantile families parametrized by « and 7, with the quantile Huber parameterized
by both. Linear pieces are shown using red dash; curvilinear pieces are shown using black solid.

Unknown parameters in regression and inverse problems are usually estimated using cross-validation or grid
search. Standard methods require multiple solutions of any given learning problem, where a held-out dataset
is used to evaluate each configuration [5]. More recently, Bayesian optimization [9, 18, 19, 28] and random
search [10, 22] have come to the forefront as two popular techniques used to obtain meta-parameters in a very
wide range of contexts. While these techniques can be used for the problems we consider, as well as a much more
general problems, their implementation is more expensive than solving a single problem instance (cross-validation,
random search and Bayesian optimization require many instance evaluations).

Here we take a different tack, and build on the statistical perspective developed in [1] to develop a simple
modification of the PLQ estimation problem to infer shape parameters simultaneously with variables of interest.
The most relevant works related to this paper focus on the relation between the quantile penalty and the
asymmetric Laplace distribution(ALD) [8, 30, 33]. In particular, [8] jointly estimate the model and the shape
parameters for quantile penalty, and [30] infer the joint posterior distribution of these parameters.

To explain the general idea, we look at two simple examples.

1.1 Classic variance estimation in linear regression

As a warm-up, we consider the classic problem of estimating regression variables jointly with noise variance
parameter in a linear Gaussian model. Take the basic statistical model

y=Ax+e, e~N(0,0%I), i=1,...,n, (1)

we can find the maximum likelihood estimator for (z,0?) by maximizing

n

1
2 2
plx, 0 x ply|lz,0%) = | I
( ly) (yl ) 1l Pomo?

exp((yi — (ai,x))*/20?)
or equivalently by minimizing the negative log of this expression:
in 5o ly — Az + 2 log(o?) @)
min — ||y — Az — log(o°).
no? 202 1Y 9 8

In this simple case, the problem separates, and regardless of o2 we have
T=(ATA) ATy

Minimizing (2) with respect to o2, we also get
7% = |ly — AzZ||*/n,

the average of empirical residuals squared. The main point to here is that the likelihood arising from the statistical
model (1) enables us to estimate 0. The idea becomes much more interesting when parameters are coupled. For
example, in pharmacokinetic modeling several different datasets with unknown scalar variance parameters may
inform a shared parameter vector x [7]. Another example where the shape parameter affects the estimate of x is
presented in the next section.
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Figure 2 Left panel: regression from data with asymmetric errors. Data are shown in black; true
model in black; linear regression estimate in black dash, and the new auto-tuned quantile estimate in
red dash. Right: graph of log(1/7 +1/(1 — 7)) in (4). This term, derived in Section 3, acts as a barrier
pushing the quantile estimator into (0,1).

1.2 Simultaneous quantile estimation and regression.

Consider Figure 2, where linear observations have been contaminated with asymmetric errors, i.e. they are more
likely to be positive than negative. The data generating mechanism is shown in black. The linear regression
model for the data {y;,a;} is equivalent to the least square problem,

1
min | Az — y|

where x contains slope and intercept. As expected, classic regression fails to capture the true mechanism because
the errors are asymmetric, see black dash in Figure 2.

In this case, we can actually recover the “true” line by assuming the errors arise from an asymmetric
generalization of the Laplace distribution:

Yi = <aiax> +e€i, €~ exp(_pT( : ))7 (3)

where p, is the penalty shown in Figure 1(b), with 7 € [0, 1] controlling the relative slopes to the left and right
of the origin. Solving for a joint maximum likelihood estimator for (z,7), we get the fit in red dash in Figure 2.
The estimator is derived by considering the density corresponding to (3), and has the simple expression

;c,vr-réi[g,l] pr(Az —y) + mlog (71_ +1 i 7_) . (4)
where the last term arises from considering the normalization constant required to make exp(—p,(-)) a true
statistical density, and is derived in Section 3, where the general approach is developed. In this simple example,
the right solution is found by solving the single problem (4) once, rather than considering multiple problem
instances as we expect from classic approaches. The optimization problem itself is nonsmooth and nonconvex,
but as we will see straightforward. The main thrust of the paper is to get a systematic way of formulating
estimators such as (4), understand their properties, and consider different algorithms for solving these problems.

1.3 Contributions and Roadmap

Building on the toolkit of PLQ penalties and corresponding densities developed in [1], we use the bridge between
penalties and densities to develop an extended likelihood formulation over both shape parameters 6 and regression
variables z. The key idea is encoded in the normalization constant, that arises from the statistical interpretation
and essentially acts as a balance against the data to ensure the final shape parameters still yield a statistically
valid model. We consider properties of the extended likelihood formulations over (z,6). In many cases, we show
that standard techniques (including proximal alternating minimization and variable projection) can be applied.
We also build on the interior point method of [1] to develop a new extended interior point (IP) approach tailored
to these joint estimators. Code for the new IP method is made available in the Julia language®.

! https://github.com/UW-AM0/shape-parameters/tree/ojmo
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4 Estimating Shape Parameters of Piecewise Linear-Quadratic Problems

The paper proceeds as follows. In Section 2 we review PLQ functions, along with their conjugate repre-
sentations, and examples. Conjugate representations are essential for solving PLQ models using interior point
methods. In Section 3, we focus on the statistical interpretation, and derive the normalization constant needed
to create joint estimators such as (4). In Section 4, we consider optimization methods that can be applied to the
new class of estimators, and derive a new customized interior point method for the class. In Section 5 we provide
synthetic verifications that show we can recover shape parameters and regression variables in simple examples.
We empirically show that the new joint estimation approach is consistent, and performs as well as simple least
squares estimation when errors are Gaussian. Section 6 contains some applications of these ideas to real datasets,
particularly focusing on self-tuning penalties for robust PCA.

2 PLQ Functions and Their Conjugate Representations

Piecewise linear-quadratic (PLQ) functions [27, Definition 10.20] are convex functions whose domain can be
represented as the union of finitely many polyhedral sets, relative to each of which the function can be written
as a convex quadratic. These functions have a convenient representation using their convex conjugates.

» Definition 1 (Convex conjugate). The convex conjugate of a function f is given by
F*(0) = supuTv — f(u).
u

A PLQ function is defined as the conjugate to a quadratic over a polyhedral set [27, Example 11.18]. Examples
of common penalties used in statistical modeling, machine learning, and inverse problems can all be written
using simple conjugates, as shown in Table 1. Quadratic support (QS) functions [1] generalize PLQ functions by
removing the polyhedral set restriction [1]. Here we focus on PLQ examples, since they are computationally
tractable.

Table 1 Common PLQ Functions and their Conjugate Representations

Name Conjugate Representation Figure
Huber hie(T) = SUP, e[ ) {uw - %uQ} Fig. 1(a)
Quantile qr (%) = 8Up,e(—r (1-ry {uz} Fig. 1(b)
Quantile Huber hr(T) = SUP (= prm(1—r)] {u:c — i’ Fig. 1(c)
Least squares 12? = sup, {u:c — %uQ} Fig. 3(a)
Hinge he(z) = sup,e(_r (1-7) {ulz — €)} Fig. 3(b)

&2
e

w
—

o
&

1
Vapnik pe() = sup,ep0,1)2 {< 1} o H u>}
— €

1
Smooth insensitive loss pP(z) = SUP,e(0,1]2 {< [ e= |:€] 7U> - ;UTU} Fig. 3(d)
- €

1 0 0
Elastic net p(x) = sup,e(o,1)xr {< |:1:| x,u> — 2" [O J u} Fig. 3(e)

We can explicitly define PLQ functions using their conjugate representation.

» Definition 2 (PLQ Functions and penalties). A piecewise linear-quadratic (PLQ) function is given by

1

p(r) =sup{u"(Br —b) — —u'Mu:CTu<eéy, (5)
uelU 2

where M = 0, B is an injective linear map, and U = {u : CTu < &} is a polyhedral set. When 0 € U, it follows

immediately that p must be non-negative; and in this case we call it a penalty.

PLQ functions are closed under sums and affine compositions [1], and have a representation calculus that
makes it easy to conjugate for a PLQ problem that combines several terms, such as measurement models and
regularizers.

A statistical interpretation of PLQs requires the notion of coercivity.
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Figure 3 Five PLQ penalties frequently used in learning and inverse problems. Linear portions are
shown in red dash and curvilinear pieces are shown in black solid. Huber and quantile losses are shown
in Fig. 1.

» Definition 3 (Coercivity). A function f(zx) is coercive if

liminf f(z) = oo.

llzl|—o0

Coercivity of PLQs can be expressed in terms of their conjugate representations, and this topic is addressed
by [1, Theorem 10]. In the next section, we use coercive PLQs to define corresponding densities, which enable
the joint likelihood approach developed in this paper.

3 Statistical Model and Properties of Joint Objective

To formulate a learning problem over spaces of penalties, we first review the relationship between penalties and
corresponding residual distributions. We then use this relationship to develop a joint formulation for model and
shape parameter inference, and characterize properties of the resulting objective function.

The relationship between penalties and associated densities can be made precise. Every coercive PLQ penalty
can be viewed as the negative logarithm of an integrable density. Specifically, given a coercive penalty p(r;0)
whose shape is parametrized by 6, we define an associated density

1
ne(0)

The term n.(#) is a normalization constant that ensures that p(r;6) in (6) is a true statistical density, i.e. it
integrates to 1. These observations yield a simple recipe for extending a negative log likelihood in z (based on
optimizing a PLQ penalty) to inform shape parameters . Specifically, given an optimization problem of the form

p(r;0) =

exp[—p(r;0)], where n.(0) ::/Rexp[—p(r;ﬁ)} dr < oo. (6)

miny_ p(yi — {ai, z);6)
=1

we consider the extended problem

m

Jmin, z; p(yi — {ai, z) ; 0) + mloglnc(0)], (7)
1=
where 6 may be restricted to a domain D. In the least squares case, this idea reduces to the classic variance
estimation example in Section 1.1. The quantile penalty example in Section 1.2 recovers the formulation studied
by [8]. The general approach is a new way to estimate shape parameters of error distributions corresponding to
PLQ penalties.

The quantile regression problem in Section 1.2 yields a closed form solution for n.(7). We have D = [0, 1] and

pr(x) = {(1—7)1‘ x>0 p(ri7) = {exp(—(l—T)x) >0 1 L

—TT <0’ exp(—7x) <0 l—7 7

The log(n.) term acts as a barrier (see Figure 2), pushing 7 away from the boundary points 0 and 1 into the
interior (0, 1), and favoring 7 = 0.5.

Considering the problem from an algorithm design perspective, the log of the normalization constant for the
quantile regression problem is smooth and strongly convex function of the shape parameter 7, but its gradient is
not Lipschitz continuous. In the remainder of this section, we characterize theoretical properties of the general
objective (7).
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> Assumption 4. To ensure the validity of the statistical viewpoint, we require p to satisfy:
1. p(r;0) > 0 is a PLQ penalty for every 6 € D, so we have non-negativity.
2. pis coercive for any 6 € D, so we have integrability.
3. For any 0y € D, p(r;0) is C? around 6 for almost every r € R (smoothness in )
Under these assumptions, we can obtain formulas for the first and second derivatives of n.(9).

» Theorem 5 (smoothness of n.(0)). For n.(0)in (6), suppose Assumption 4 holds and for 6y € D, there exist
functions gi(r), k = 1,2, such that,

1. for any unit vector v, |(Vgexp[—p(r;0)],v)| < g1(r) for any 6 around 6y,

2. for any unit vector v, |(V3exp[—p(r;0)]v,v)| < ga(r) for any 0 around 6o,

3. Jpor(r)dr <oco, k=1,2.

Then n.(0) is C? continuous around 6y and,

Vn.(bp) = /RVQ exp[—p(r; 0o)] dr, V2n.(6) /V(, exp[—p(r; 0o)] dr (8)

The proof is elementary, and is included below for completeness.

Proof. From Assumption 4, we know that for any 6y € D, Vg exp|p(r;6o)] and Vi exp[p(r;p)] exist for almost
every r € R. For any h such that ||h|| is small enough to make 6y + h stay in the neighborhood of 6y. Applying
the mean value theorem, we have,

ne(fo + h) — ne(bo) = /Rexp[—p(r; 0o + h)] — exp[—p(r; bo)] dr = /IR (Vo exp[—p(r; 0)], h) dr

ne(0o +h) —n.(0o) expl— h r
Tl ‘/R<W =730 h||>d

where 6 lie in segment with the end points 6y and 6y + h. The first and third assumptions allow us to apply the
dominated convergence theorem to get

i Pelfo 1) —ne(Bo) _ im xp[— h r= [ lim xp[—p(r; 0 h r
lim ) R<V06P[ o(r: )], h||>d [ <v9ep[ p<,e>],”h>d

h—0 i h—0 ho
:/ﬂ{(VgeXp[—p(r;Ho)],w dr = </Rveexp[—p(r;90)] dnv>

where we set h = av and let & — 07 and keep v fix as an unit vector. From the definition of the gradient we
know that,

Vn.(bp) = / Vo exp[—p(r; 0y)] dr
R
Following the same steps we can show V?n.(fy) exists and satisfies

V2n.(0y) = /VQ exp[—p(r; )] dr. <

The derivative formulas (8) are used for first- and second-order methods to infer z and 6. The parametrization
conditions in 6 are satisfied by all piecewise linear-quadratic (PLQ) penalties. The theorem can also be applied
to densities that are not log-concave. For instance, the Student’s ¢ density and associated penalty satisfy all
assumptions of Theorem 5.

In the quantile case (4), the term log[n.()] is convex. We characterize sufficient conditions for convexity of
log[n.(0)] for a general class of penalties p. The results can be derived using [12, Chapter 3.5].

» Theorem 6 (convexity of log[n.(0)]). Let n.(0) be defined as in Theorem 5, and suppose Assumption 4 holds.
We have the following results:

1. If p(r;0) is jointly convex in v and 0, then log[n.(0)] is a concave function of .

2. If p(r;0) is concave with respect to 0 for every r, then log[n.(0)] is a convex function.

Theorems 5 and 6 tell an interesting story. The log-normalization constant log[n.(6)] is nearly always smooth,
even when the loss p is nonsmooth in z. The inference problem (7) is never guaranteed to be jointly convez in
(z,0): if p(x;0) is jointly convex, then log[n.(#)] will be concave. This is intuitive, as we are attempting to learn
both the model and error structure at the same time. Objective (7) is generally nonsmooth and nonconvex. In
the next section, we show how to optimize it using first and second order methods.
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Figure 4 Level sets for value function v(6) (9) for the quantile Huber model. The black star is the
maximum likelihood estimator, while the red dot represents the true parameters in the simulation.

3.1 Level sets of the objective function and maximum likelihood estimate

Although (7) is non-convex, in many cases we can still find the global minimum in §. To illustrate, we generate
the samples ¢; from the distribution defined by the quantile Huber function with k = 1 and 7 = 0.05, select a set
of weights x, generate data y; = {(a;,x) + €;, and plot the so called value function for (7):

m

v(f) = mxinz p(y; — (ai, x);0) + mlog[n.(0)]. (9)
i=1

Evaluating v(f) requires solving a smooth convex problem in z, and thus problem (7) reduces to minimizing (9)

in 6. Results for the simple 2D case are shown in Figure 4. v() is non-convex (note the level sets), but there is a

unique minimum that is close to the true parameters, and was found in every run by a local search. In the next

section, we design methods that are far more efficient than optimizing v(6).

4 Optimization Methods for Joint PLQ and Shape Parameter Estimation.

In this section, we discuss algorithms for (7), and develop a new interior point method building on the PLQ
optimization strategy of [1]. When p is smooth in z and 6, we show how to apply Proximal Alternating
Linearized Minimization (PALM) [11] and Proximal Alternating Minimization (PAM) [6]. We also discuss
variable projection (VP) type algorithms [3, 4]. All three algorithms can be applied to the joint estimation
problem, as long as we carefully consider the problem structure. PAM has a disadvantage compared to the
other two, since it requires a fast solver for a regularized PLQ problem. Such a solver was developed in [1],
but in this case we might as well use the new IP method developed in Section 4.2. In contrast, PALM can be
readily implemented, as long as we have smoothness in the term that couples x and ; we use PALM for the
large-scale experiments in Section 6. One catch is that the log normalization constant log[n.(6)] must be treated
carefully, as its gradient does not have a global Lipschitz constant. The VP variant we consider here is also easy
to implement, since it focuses on projecting out 6 rather than zx.

In Section 4.2 we extend interior point methods developed in [1] to problem (7). These methods can
simultaneously fit PLQ problems (without e.g. smoothness requirements) and estimate their shape parameters.
The reader will recall that the quantile regression example in Section 1.2 uses a nonsmooth PLQ penalty p. The
extended IP approach can solve nonconvex problems with primal, conjugate, dual, and shape parameters together
by directly working with the associated system of optimality conditions. We have released the implementation of
the method in the Julia language.

4.1 PALM, PAM, and Variable Projection

Several algorithms from existing literature can be brought to bear on problem (7) when it is of the form

min H(z,0) +ri(x) + r2(0), (10)
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under some mild assumptions on H. Here we briefly review PALM [11], and PAM [6] algorithms, as well as similar
algorithms that partially minimize the objective in 6, known as partial minimization or variable projection [3, 4].

The PALM and PAM algorithms [11] can be used to minimize (10) when H is C*, with globally Lipschitz
partial gradients, while the functions r; and ro are proper lower semicontinuous; in particular they are not
required to be convex, finite-valued, or smooth. The term r;(x) is useful if we need simple regularization and
constraints on z, such as sparsity or non-negativity. Even though log[n.(6)] is smooth (see Theorem 5), it must be
relegated to ro(#), since otherwise it violates the Lipschitz assumptions on the partial gradients of H. Therefore,
to apply PALM or PAM to (7), we take

m

H(z,0) = Zp(yi —(a;, )5 0), ro(0) = dp(0) + mlog[n.(6)]. (11)

=1

Here p is the indicator function for the set D,

5oy {0 HOED,
PP o 0 ¢D.

The PALM algorithm is detailed in Algorithm 1. The steps ¢ and dj are obtained from Lipschitz constants of
the (partial) gradients of H. The PAM algorithm is given in Algorithm 2, with the same step sizes to facilitate
an easier comparison.

PAM essentially requires the ability to partially minimize a quadratically regularized problem H with respect
to both z and . In many cases, one of these variables may be easier to solve for than the other; in Example 3.1,
0 has dimension 2. Variable projection algorithms [3, 4] exploit the ability to fully minimize in one variable while
applying an iterative approach in the other. Algorithm 3 shows an example where we have chosen to optimize
out 6 for every iteration in x.

Algorithm 1 PALM for (11)

Require: A,y
1: Initialize: 20, 69

2: while not converge do

3: Rl ProX L, (a:k - iVxH(xk,GkD
4: OF+L Prox i, (9"’ - dikveH(xk""l,Gk))
k

return z* and §*

Algorithm 2 PAM for (11)
Require: A,y

1: Initialize: 20, 6°

2: while not converge do

3: Rl mian(x,Gk)+r1(z)+i||x—xk\|2

4 g+l mingH(a:k+1,9)+r2(9)—|—dikH9—9kH2
return z* and 6*

Algorithm 3 VP for (11), partially minimizing w.r.t. ¢

Require: A,y
1: Initialize: 2, °
2: while not converge do
3: ohtl PrOX i, (xk - iVxH(xk,Gk))
4 OF+1 < ming H(2"+1,0) + ro(0)
return z* and @*
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Detail. The prox operator of log[n.(6)] is not available in closed form for any examples of interest. Instead, it
can be efficiently computed using the results of Theorem 5:

.1 9
pros 1, (¢) = argmin 5o 0 — | + logln (0)]. (12)

In all examples of interest, § is low dimensional; and we compute (12) using Newton’s method or an interior
point method. This requires V log[n.(6)] and V?log[n.(#)], which are calculated numerically using formulas (8).

The PALM algorithm works well for large-scale shape inference problems with smooth p. We use it for the
self-tuning RPCA experiments in Section 6.

4.2 Interior Point method for nonsmoothly coupled nonconvex joint QS inference

In this section, we use conjugate representations of PLQ penalties to develop an interior point method for the
extended inference problem (7):

m

i i — (a;,x);0) +1 0)].
x{relle%;p(yz (ai,z) ; 0) + log[nc(6)]
The approach converges superlinearly in practice, but each iteration requires solving a linear system. We solve
these systems directly, and scaling issues are explored in Table 3. In practice, large-scale linear systems are
solved iteratively, often using pre-conditioners [25]; we leave these developments for future work.
To optimize PLQ penalties parametrized by 6, we allow b and ¢ in (5) to be affine functions of 6, and assume

D is also polyhedral:
b=G'0+b, c=H'0+c, D={0:570<s}.

We then solve a saddle point for primal variables z, conjugate variables u, and shape parameters 6:

min sup {UT[B(A:L‘ —y)— GO —b] - %UTM’U, CTu < H™O+ c} + mlog[n.(9)] (13)

z,ST0<s v

For example, the self-tuning quantile penalty (4) is written as

1 1
min sup {uT(Ax—b)+mlog< + )}

z,7€C1  (y,1)ECs T 1—7

S 1 P (S )

Algorithm 4 Interior point method for QS with 8 estimation
Require: A, y, B,b,C, ¢, G, H, S, s
1: Initialize: 2°, k<0, u=1
2: while not converged do
3: p <+ VF,(2F)71F,(z%)
o < LineSearch(z*, p), using || F,,(-)|
2P 2k —ap
w < 0.1- (Average complementarity conditions)
return zF+!

T+

1 0

Interior point (IP) methods apply damped Newton to a relaxation of the optimality conditions of (13),
see [21, 24, 32]. Let F(z) denote the optimality conditions for problem (13), with z = (x,u, 0, \), where A are
dual variables for inequality constraints CTu < H'0 + c and ST6 < s, and let F,,(z) denote the relaxed system
obtained by using a logarithmic barrier with parameter p. The IP method is summarized in Algorithm 4.

We introduce a log-barrier for the conjugate variables u and shape parameters 6 as follows.

op(0) =~ —pl T log(s — ST6),
(o) cTu<mTo+ey (U, 0) = —pl T log(c+ H'0 — CTu).
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As 1 | 0, the barriers approach true indicator functions for the D and U. The parameter p is decreased to a
specified tolerance as the optimization proceeds. For fixed u, the approximate subproblem with fixed p can itself
be written as a saddle point system:

1
mierl sup{uT [B(Az—y)—GTO—b]— iuTMu—i—,uILT log(c+H"0—CTu) } +mlog[n.(0)]—pl " log(s—ST0) (14)

We introduce dual variables ¢ and slack variables d:

d:= [C
s

where the Diag operator acting on a vector v returns a diagonal matrix with diagonal v. We can then form the
KKT system

u

0

cT —HT
1o &7

], D:=Diag(d), q:=pD™'1,  Q:=Diaglg), z:=[g,u,0]"

Dq —pl
B(Az —y) — G760 — b — Mu + [fc o} q
FN(Z) = ATBTU (15)

—Gu + mV log[n.(9)] + {H S} q

The Jacobian matrix F,Sl) of the system is given by

) o 1
b ol Q[ST]
VR()=| ¢ o] M |Ba|  q (16)
ATBT
I [H S} -G mV?log(n.) |

Algorithm 4 is a damped Newton iteration to find the stationary point of F,. At each iteration, p is taken to be
a fraction of the current average complementarity conditions, just as in the implementation used in [1, 2].

We can apply block Gaussian elimination to obtain conditions that make the algorithm implementable. We
state the result as a simple theorem.

» Theorem 7 (IP implementability). Suppose that the PLQ penalty is nondegenerate, that is null(C) Nnull(M) =
{0}, and that the linear model A is full-rank. Then the interior point iteration

p=VE, ()T Fu (")
is implementable when a certain square symmetric system is invertible:
Ty :=mVZ?log(n.) — HQH' + SQS™ 4+ (-G + HD'QCT; (-G + CD'QGHT)
— (=G +HD'QCT 'BAT, *A"B"T7 ' (-GT + CD'QGH™)
T3 is a symmetric square matrix with dimension equal to the length of the parameter vector 6.

Proof. Implementing the IP iteration is equivalent to applying block-Gaussian elimination to the system (16).
The set of operations is given by

Ry =Ry + [C o} D 'R,

Ri= Ry — [H S} D 'R,

Rs=Rs;+ A'B'T 'R,

Ry =Ry + (-G +HD'QC"T 'Ry
Ry=Ry— (-G+HD'QCT)Ty ' BAT,; 'R3
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where we define

T, :=M+CD'QCT

Ty:= ATB'T;'BA
The invertibility of D is enforced by Algorithm 4, which keeps slack variables d strictly positive. Invertibility of
T, is guaranteed by the nondegeneracy hypothesis for the PLQ, see [1, Theorem 14]. Since B must be injective

(see Definition 5), the full rank condition on A guarantees that T is invertible. The row operations yield an
upper triangular matrix of form

_ o - :
aklk o/’
VF,(2) = -T] | BA ~GT+CD'QGHT 7 (18)
T, | ATBTT Y (-GT +CD'QGHT)
L T _
which is invertible if and only if 73 in (17) is invertible, given the other hypotheses. <

The full rank condition on A may seem restrictive. However, in settings with rank deficient systems (e.g. in
variable selection problems), the matrix A is naturally augmented to include the (PLQ) regularizer. For example,
in Lasso, the 1-norm of = is part of the objective, and so the PLQ linear system is a stack the measurement
matrix with two copies of the identity [1, Remark 5]. Thus, a rank-deficient A in the PLQ construction always
points to an ill-posed statistical model.

In the next section, we present synthetic examples and that show the applicability of the approach for
inferring simple shape parameters.

5 Synthetic Data Experiments

We illustrate the proposed approach using a linear regression example. We work in a simple regression setting,
focusing on the quantile Huber family (Figure 1). Where appropriate, we make comparisons with least squares
and least absolute deviation (LAD) formulations. Least squares estimates have a closed form solution, while we
compute LAD estimates using cvx. j1.

In Section 5.1 we discuss the parametrization of the quantile Huber family. In Section 5.2 study consistency
of the estimates for x in the Gaussian regime, as well as for errors generated from a particular quantile Huber
distribution. In particular, we compare estimates as the number of observations increase with those obtained by
for the least squares solution and LAD estimates. In Section 5.3, we consider a moderate number of observations,
and compare the performance of the quantile Huber approach to those of least squares and LAD across a range
of different quantile Huber parameters. In Section 5.4 we compare the performance of PALM to that of the
interior point method for the quantile Huber problem. Finally, in Section 5.5 we compare the new approach to a
grid search, a simple generic method applicable to the problem but unaware of the special problem structure.

5.1 Parametrization of the quantile Huber family

The quantile huber family is parametrized by 7, which controls slope of the penalty, and x, which is the robustness
threshold. We want to fit the regression model = as well as obtain the correct parameters 7 and k. When x > 0
in quantile Huber, p(z; ) is smooth, and we can use the PALM algorithm from Section 4.1. The quantile Huber
penalty is PLQ, so we can also apply the proposed IP method from Section 4.2.

The primal form for the quantile Huber penalty is

—TKT — —(m)z, r<-—TK —0y7 — ﬁ, r < —0,
T 2 2 91
p<7“; [J) =q1r2 r€[-7k,(1—-7)K] = %rz, r € [—01,05] =:p<r; [9 1) (19)

2
(1—7)/%—7((1_27)”)2, r>(1-7)k 927“—%, 7> 09

N[

We must choose a parametrization in terms of #. One option is to take § = [, x]T. This parametrization could
not be solved using the interior point approach, since the shape parameters would not be affine functions of 6.
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It would also require a modification of the PALM algorithm, since the 6 block as given would not have a global
Lipschitz constant. An interesting insight here is that we can find an affine reparametrization of the shape
parameters, which allows the problem to be solved using the interior point method we developed and satisfies
the assumptions of the basic PALM algorithm. Specifically, we can take ; = 7k,02 = 7(1 — k). These new
parameters must be non-negative.

The primal objective can be written as

I7nin Zp(yi — (a;, ) ;0) + mlog[n.(0)],

where a; € R™ are random Gaussian vectors, € R™ is the model parameter vector, and y € R™ is the observed
data vector contaminated by outliers. From Theorem 5, n.(6) is C? smooth. From Theorem 6, the objective
in 6 is the sum of a concave term p(Ax — y;0) and a convex term mlog[n.(#)]. The joint problem in (z,6) is
nonconvex, but both first- and second-order methods from Section 4 can be applied.

5.2 Consistency

In this section, we test the performance of the estimation framework as the number of observations increases, for
both Gaussian and quantile Huber errors. In both regimes, we want to estimate regression parameters x more
accurately as the number of observations increases. For the Gaussian case, the idea is to check that performance
is reasonable to ensure the framework is applicable in standard cases, i.e. in the absence of outliers or asymmetry.
For quantile Huber, we want to know that we indeed recover all parameters as we see more observations. We
consider x € R™ for n = 50, and evaluate the performance of the method for m € {1000, 1500, .. ., 4500, 5000}.
Errors in all experiments are generated from the N(0,1) distribution.

0.06 — OH
LS
— LAD
0.051
x |
£ [ é
S 0.04 ,
9] | )
2 :
£ 0.031 &
2 T .
: i ¥
T \ \T4
0.021 % 1 % i I ) . é
I &(‘ é
1000 1500 2000 2500 3000 3500 4000 4500 5000

number of observations

Figure 5 Relative error in recovery of regression parameters x for quantile huber (QH), least squares
(LS) and least absolute deviation (LAD) approaches when generated measurement errors are N(0,1).
Box plots summarize results across 10 realizations of each experiment. The quality of quantile Huber
results is identical to that of the least squares solution, which is optimal in this nominal case. LAD
solutions are comparable but always worse in terms of relative error.

We look at the relative error in inferred x across 10 realizations for each experiment, and plot this relative
error as a function of the number of observations m in Figure 5. The quality of the quantile Huber solution is on
par with the least squares solution, which is optimal in this case. The LAD solution is worse in comparison to
the other approaches, but also improves with additional observations as expected.

In the nominal case, the inferred x parameter in all cases pushes all residuals into the “inlier” region. To
show this, we plot the minimum quadratic region, compared to the 95% confidence interval for the true residuals
in Figure 6. The minimal quadratic region discovered across any problem realization is above 3, which means all
of the residuals fall into the quadratic region of the objective function. This result also means values of 7 are
irrelevant, and uninformed by the estimated residuals. This is evident from model results; while 7 estimates still
center at 0.5, the estimates vary widely regardless of the available measurements, with a 95% interval from 0.2
to 0.7 across the experiments.
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Figure 6 Minimal Radius of inferred quadratic region of the quantile Huber (solid line), compared to
the 95% confidence region for residuals (dashed line), when errors are Gaussian with standard deviation
1. In every experiment, the quantile Huber framework infers a large x value that pushes all residuals
into the inlier region.

For the quantile Huber experiment, we generate asymmetric errors from the quantile Huber distribution with
parameters 7 = 0.1 and «* = 1.0. Just as in the Gaussian case, we plot the relative error in recovery of = across
10 realizations for each experiment. The results are shown in Figure 7. The performance of the quantile Huber
is far superior to that of the least squares better than that of LAD solutions. The inferred shape parameters
compared to ground truth are show in Figure 8. As the number of observations increases, the ability to infer
shape parameters also improves.

0.5 — QH
LS
—— LAD
0.4
=
S
5 0.3
(O]
>
©
0.1 A X - % % X * X
T = x = = e
1000 1500 2000 2500 3000 3500 4000 4500 5000

number of observations

Figure 7 Relative error in recovery of regression parameters x for quantile huber (QH), least squares
(LS) and least absolute deviation (LAD) approaches when measurement errors come from the quantile
Huber (7*u = 0.1, k* = 1.0). Box plots summarize results across 10 realizations of each experiment.
The quality of quantile Huber result is far superior to those of both the least squares and LAD solutions
across all observations. The least squares solution is particularly vulnerable to outliers, but the LAD
solution is also affected by the asymmetry of errors.

5.3 Shape-Optimized Quantile Huber vs. Least Square and LAD

In this section, we stay with problem size n = 50 and m = 1000, and compare performance for errors
generated from different quantile Huber distributions. The measurement errors are sampled from quantile Huber
distributions, to verify that the approach is able to recover “ground truth” values for (7, k) parameters. We
denote ground truth parameters as x:, ¢, k¢, while 2*, 7, k* are the solutions obtained by solving (7). We
provide two reference solutions: x g is the least square solution, and xj; is the solution obtained by solving

*
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Figure 8 Estimates of 7 (top panel) and x (bottom panel) compared to ground true values 7* = 0.1
and k* = 1.0, shown using dashed lines in both panels. Shape parameters are estimated reasonably well,
with less bias evident as the number of observations increases.

||Az — b||; using convex.jl. For each x and 7 setting, we run the simulation 10 times, and show the average of
the results in Table 2. Results shown are obtained by the IP method.

Table 2 Joint inference of the shape and model parameters for the quantile Huber loss. Columns 2
and 3 show results for proposed method. 7(z) = ||z — z¢||/||z¢|| denotes relative error. Column 2 contains
7, k estimated using joint optimization (compare to ground truth simulation parameters in column 1)
solved by the proposed IP algorithm with KKT tolerance set to 10~°. Column 3 shows relative error of
the new estimate; compare to Columns 4 and 5, which are relative errors for LS and minimum 1-norm

estimates.
[T¢, Kt 7", k"] r(z®) | sd(r(z*)) | r(zrs) | sd(r(zrs)) | r(zar) | sd(r(zar))
(0.1,1.0] | [0.09,1.17] | 0.14 | 0.017 | 0.41 0.040 0.26 0.044
(0.2,1.0] | [0.20,1.07] | 0.10 | 0.020 0.16 0.034 0.13 0.028
[0.5,1.0] | [0.50,0.95] | 0.08 0.015 0.12 0.013 0.09 0.010
[0.8,1.0] | [0.81,1.04] | 0.09 0.009 0.19 0.031 0.11 0.025
(0.9,1.0] [ [0.91,1.17] | 0.12 | 0.022 0.38 0.049 0.27 0.026

The maximum likelihood formulation correctly recovers the shape parameters (6, 7). Moreover, the solution
z* obtained from the self-tuned regression is always better compared to reference solutions, and the improvement
increases as measurement errors become more biased (7 close to 0 or to 1).

5.4 PALM vs. IP for Penalty Optimization

We also compared the performance of PALM and IP over m € {100, 500, 1000, 2000} and n € {50, 100, 200, 500},
for both iterations and run time. The results are shown in Figure 9 and Table 3. From Table 3, IP converges
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Figure 9 Convergence history (iterations) for PALM (green) and interior point method (black). The
experiment shown is for 7 = 0.1, k = 1. This behavior is representative; in particular the proposed IP
method converges in fewer than 20 iterations in all cases.

Table 3 Timing comparison (in seconds) of PALM and IP for the quantile Huber family. Columns
2 and 3 show total run time and number of iterations of PALM and IP; column 3 plots difference in
final objective values. IP finds lower objectives, but PALM is faster for larger problems. A large-scale
implementation of IP that uses iterative methods in each iteration would help with the scaling issues.

m | n |PALM: Time(s)/#iter |IP: Time(s)/#iter | fparm — fip
100 | 50 4.12/96 3.11/15 7.25e-12
500 | 50 5.24/197 4.86/16 1.38e-08
1000| 50 5.97/112 11.68/14 1.52e-08
2000|100 11.41/129 69.85/16 1.30e-08
2000200 22.72/225 72.89/16 9.61e-08
2000 {500 66.30/394 87.85/18 3.86e-08

within 20 iterations independently of problem dimension. However, the total run time exceeds PALM as the
problem size increases. The current interior point is implemented by solving explicit linear systems, and is
dominated by the cost of forming and solving linear systems. For our problems, with z € R™ and y € R™ with
m > n, the cost of forming and solving T} (see Theorem 7) is O(mn? + n?), and it is updated in every iteration.
In contrast, PALM uses linearization, so the cost of each iteration is proportional to that of a matrix-vector
multiply, which is O(mn) in this case. Each iteration is thus faster, but PALM needs more of them. The balance
between IP and PALM can be shifted in favor of IP by implementing iterative solvers with pre-conditioners; this
would be particularly valuable for nonsmooth p, where PALM cannot be applied. However, this effort is outside
the scope of the paper.

Table 4 Column 3 shows time (s)/iterations for gradient descent on a single instance of the quantile
huber problem. Columns 4 and 5 show the time/iterations for PALM for the joint problem over (z,0)
and resulting estimates of (k, 7). Columns 6 and 7 shows the time and estimates obtained by a 5 x 5
grid search over (k, 7). Penalty optimization finds good estimates very quickly relative to the baseline.
Grid search takes an order of magnitude more time.

m | n |z only: Time (s)/#iter | Joint: Time(s)/#iter | [£*,7*] | Cross-Val Time(s) | [kcv, Tev]
100 | 50 24.57/4008 16.98/2198 [0.50,1.28] 585.12 [0.5,1.5]
500 | 50 4.13/430 7.31/386 [0.53,1.03] 309.96 [0.5,1.0]
1000 | 50 3.78/202 7.58/224 [0.49,1.00] 349.00 [0.5,1.0]
2000 | 100 14.22/219 19.79/255 [0.49,1.02] 1026.92 [0.5,1.0]
2000 | 200 20.20/388 42.67/513 [0.49,1.04] 2315.02 [0.5,1.0]
2000 | 500 158.32/1025 202.23/1261 | [0.52,1.20] 7477.29 [0.5,1.0]
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5.5 Penalty Optimization vs. Grid Search

Finally, we compared the run time and shape parameter estimates for the quantile Huber family with a grid
search method. We construct a 5 x 5 grid over 7 € [0.1,0.2,0.5,0.8,0.9] and « € [0.1,0.5,1.0,1.5,1.9], split
the data into training and validation sets (80% and 20%) and pick the parameter that performs the best over
validation data. We also provide the run time for a single instance evaluation with fixed 6 (using gradient descent)
as a baseline comparison.

Results are shown in Table 4. From the table we can see that both methods find good estimates of the shape
parameters. However, grid search clearly suffers form the “curse of dimensionality” even at dimensionality 2, as
it takes approximately 20 times longer to complete.

6 Real Data Example

In this section, we consider large-scale examples, developing approaches for using “self-tuning” penalties for
robust principal component analysis (RPCA). RPCA has applications to alignment of occluded images [26],
scene triangulation [34], model selection [14], face recognition [31] and document indexing [13]. We develop a
self-tuning background separation approach. Given a sequence of images [23], our goal is to separate the moving
objects from the background. We pick 202 images from the data set, convert them to grey scale and reshape
them as column vectors of matrix Y € R20480%202 \We model the data Y as the sum of low rank component L
and sparse noise S; we expect moving objects to be captured by S.
We take advantage of the fact that RPCA is equivalent to regularized Huber regression [16]:

" 9 .
it 5512+ = Y%+ RS + ALLI = min p(¥ = Li i o]) + AL .. (20)

where p( -, [;0]) is the scaled Huber function given by

klr|/o — K2/2, |r| > ko
p(ri[r,ol) =9 5 ',
r?/(20%), Ir| < ko.
When the variance o2 of the observation noise is known, the problem reduces to Huber threshold estimation;
when it is not known, it is an additional shape parameter we can estimate using the proposed framework. In the
latter case, there is no simple parametrization that makes the PLQ representation an affine function of 6.
To obtain a more efficient numerical scheme, we can model the low rank component as L = UV, where
U € R¥*™ and V € RF¥*™. The resulting self-tuning RPCA formulation is given by
i U, Vi) =Y 1 , .
U,Vggmisz« W V;) = Yk, o)) + mnloglne ([x, o)
We solve the problem with PALM, obtaining the result in Figure 10(b). As the optimization proceeds, x and
o decrease to 0 with a fixed ratio & = k/o. The self-tuning Huber becomes the scaled 1-norm, recovering the

original RPCA formulation [13]. The result in Figure 10(b) is an improvement over the result with initial (x, o)
values shown in Figure 10(a).

Table 5 Runtime comparison for self-tuning Huber RPCA (Joint Eestimation) v.s. single Huber
RPCA with fixed (k,0) parameters. We fix number of iterations to be 200. Joint estimation takes less
than 2x run time for solving an RPCA problem with fixed parameters.

Joint Estimation: Time (s)/#iter Fixed Parameters: Time (s)/#iter
203.11/200 126.72/200

As in Section 5, we compared the run time of solving the joint (self-tuning) problem with solving a single
instance of RPCA. The results are shown in Table 5. In this case, the extended self-tuning problem only takes
twice the run time compared to a single instance. Cross-validation, grid-search and black-box optimization
typically require multiple solutions of the original optimization problem to find good parameter values.
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(a) Huber with k = 0.002,0 =1 (b) Self-tuned Huber, initial: x = 0.002, o =1

Figure 10 RPCA background separation: we optimize over parameters as well as the foreground and
background. The separation is better as a result of the joint optimization.

7| Discussion

In this paper we developed a simple approach that extends a regression problem using PL(Q penalties to also
infer unknown shape constraints. We used the statistical interpretation of the PLQ penalty to introduce an
additional term that relates shape constraints to a normalization constant.

Many existing algorithms can be brought to bear on the extended problem. For smooth penalties, the PALM
algorithm was quite useful in both synthetic and real examples, particularly for large-scale problems. We also
developed an interior point method for the PLQ class, that uses conjugate representations of such penalties to
solve an augmented saddle point system.

The approach offers several interesting avenues for future research. The nonconvex coupling between convex
PLQ penalties and their shape parameters is interesting, and finding conditions when the approach is guaranteed
to work in general is an open question. The maximum likelihood criterion itself is just one approach, and
may have limitations as the number of shape parameters grows with respect to the data. Characterizing these
limitations and trying alternatives (such as marginal likelihood) is also left to future work.
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