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——— Abstract

A fully stochastic pth-order adaptive-regularization method for unconstrained nonconvex optimization is presented which
never computes the objective-function value, but yet achieves the optimal (9(67“’“)/ P) complexity bound for finding
first-order critical points. When stochastic gradients and Hessians are considered, we recover the optimal O (673/ 2) bound
for finding first-order critical points. The method is noise-tolerant and the inexactness conditions required for convergence
depend on the history of past steps. Applications to cases where derivative evaluation is inexact and to minimization
of finite sums by sampling are discussed. Numerical experiments on large binary classification problems illustrate the
potential of the new method.
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1 Introduction

Adaptive gradient methods such as Adam [34], Adagrad [26], or AMSGrad [38] have become the workhorse of
large-scale stochastic optimization, especially when training artificial neural networks. Given their remarkable
empirical results, various complexity analyses have been developed in the stochastic regime [23, 27, 36, 50] or the
deterministic one [30, 45]. A notable feature of these methods is that they do not compute the function value or
an approximation thereof, making them part of OFFO (Objective Free Function Optimization) methods [30, 45].
Examples of such methods are adaptive gradient methods, which use only the current and past gradients, and
are ubiquitous in machine learning due to their performance on large-dimensional problems. The motivation for
these linesearch-based methods stems from the theoretical [8, 15, 37] and practical observation that the accuracy
needed for a noisy function value is significantly higher than that required for the gradient. When function and
gradient values are obtained by sampling, the size of the necessary sample for the function value is typically
much larger than for the gradient, making the use of stochastic subsamples for the estimation of function values
both numerically intensive and impractical. Adaptive gradient algorithms however remain theoretically limited
by a complexity bound in O (6_2) for finding an e-approximate first order solution [30, 45].

Moreover, even higher-order schemes such as trust region [10, 19], or adaptive regularization methods [5, 7]
need (sometimes tight) bounds on the accuracy of the function value proxy to achieve convergence both in theory
and in practice. They typically rely on second-order information or higher, and achieve a much more favorable
@) (6_3/ 2) worst-case evaluation complexity.
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2 Stochastic Adaptive Regularization for OFFO

To achieve faster OFFO algorithms, the use of high-order derivatives can therefore be considered. It is
well-established that second-order methods offer stronger theoretical guarantees than first-order methods, either
by demonstrating superior complexity for specific variants or by being less sensitive to the problem’s conditioning
in practice. This approach has been successfully applied in proposing deterministic OFFO variants of adaptive
regularization [29] and trust region methods [28]. These methods, while using significantly less information, still
achieve the complexity rate of O(e~3/2) akin to their standard counterparts [14]. Because they are not affected
by errors in the function value, they avoid the need for tight bounds on its accuracy, making the algorithms more
robust to noise. This robustness has been confirmed in the numerical experiments proposed in [29]. However, to
the best of our knowledge, no theoretical framework exists for high-order OFFO in the stochastic setting.

We propose a theoretical framework for stochastic OFFO adaptive regularization methods as introduced
n [29]. Specifically, we present an expected error on the approximative tensors up to the pth order, with
conditions dependent on the length of the previous m steps. This approach allows for greater tolerance compared
to work that controls error with only the current or previous step [1, 35]. By combining these tensor conditions
with classical probability and numerical analysis tools, we can extend the results from the deterministic case
n [29]. Since our conditions depend only on past steps, the implementation remains straightforward and can be
adapted to machine learning in terms of sampling sizes. The relaxed error bounds yield promising results when
applying the second-order algorithm. Our method remains stochastic throughout, unlike other works where a
deterministic behavior is adopted at the end [11, 35, 39].

The paper is organized as follows: After restating the algorithm of [29] and situating our condition on the
probabilistic derivatives within the literature in Section 2, we develop the complexity rate analysis in Section 3.
In Section 4, we outline some potential applications of our algorithm. Initial numerical findings of our algorithm
for specific machine learning (ML) problems are presented in Section 5. Finally, conclusions and perspectives are
drawn in Section 6.

2 A Stochastic OFFO adaptive regularization algorithm

2.1 Problem Formulation

We consider the problem of finding approximate minimizers of the unconstrained nonconvex optimization problem

Inin f(z), (1)

where f is a sufficiently smooth function from R”™ into R. As motivated in the introduction, our aim is to design
an algorithm in which the objective function value is never computed and inexact derivatives may be used. Our
approach is based on regularization methods. In such methods, a model of the objective function is built by
“regularizing” a truncated inexact Taylor expansion of degree p.

We now detail the assumptions on the problems that we need to establish our results.

» Assumption 1. f is p times continuously differentiable in R™.
» Assumption 2. There exists a constant fiow such that f(x) > fiow for all x € R™.

» Assumption 3. The pth derivative of f is globally Lipschitz continuous, that is, there exists a non-negative
constant L,, such that

IVEf(2) = VEFW < Lyplle —yll for all z,y € R, with L, >3, (2)

where || - || denotes the Euclidean norm for vectors in R™ and ||.|| the associated subordinate norm for pth order
tensors. In the rest of the paper, all probabilistic approximations of exact quantities will be denoted by an overline.

» Assumption 4. If p > 1, there exists a constant kpnigh > 0 such that

||g|1\i31 Vi f(@)[d]" > —knign for allz € R™ and i € {2,...,p}, (3)

where Vi f(x) is the ith approzimate stochastic derivative tensor of f computed at x and where T[d]* denotes
the i-dimensional tensor T applied on i copies of the vector d. (For notational convenience, we set Knigh = 0 if

p=1).
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The previous Assumptions 1-3 are standard when studying the complexity of deterministic pth order methods.
Note that Assumption 4 is weaker than imposing uniform boundedness on the sampled derivatives and is standard
in the study of Objective Free Function algorithms [29]. Moreover, it automatically holds in the exact case
for any function satisfying Assumption 1 on a bounded domain. When p = 2, the class of functions satisfying
it is sometimes (misleadingly) called “weakly convex” and was shown to cover different cases of interest, see
both [22, 25] for more discussion on weak convexity. We will return to the probabilistic bounds that must be
satisfied by the tensor derivatives error after stating the algorithm.

2.2 The OFFO algorithm with stochastic derivatives

Adaptive regularization methods are iterative schemes which compute a step from an iterate x; to the next by
approximately minimizing a pth degree regularized model my/(s) of f(zx + s) of the form

T p+1

where Tt ,(x, s) is the pth order Taylor expansion of functional f at « truncated at order p, that is,

P
def 1 i i
Typ(z,s) = f(x) +25wa(ﬂ?)[d] : (4)
— !
In particular, Assumption 3 implies [14, Corollary A.8.4] that
L
IVaf(a+s) = ViTrp(z,s)| < ﬁllsllp- (5)

In the case where approximate derivatives are used, one then uses an approximate pth order Taylor model

Ttp(z,s) = f —l—Z Z,V% (6)
and the model my, is then,
def
mi(s) = Typ(zn, s) + m” s|[PH. (7)

In (7), the approximate pth order Taylor series is “regularized” by adding the term ﬁ”s\\p“, where oy, is
known as the “regularization parameter”. This term guarantees that my(s) is bounded below and thus makes
the procedure of finding a step s by (approximately) minimizing my(s) well-defined. Our proposed algorithm
follows the outline of existing ARp regularization methods [9, 13, 14] and the recent work of [29] on an optimal
pth order objective free function method.

We stress that unlike inexact adaptive second-order methods analyzed in [4, 5, 35, 47], we don’t evaluate the
true function value nor a proxy. In what follows, all random quantities are denoted by capital letters, while the
use of small letters is reserved for their realization.

We now define the probabilistic notation which will be used throughout the paper. We emphasize that the
approximate derivatives (as evaluated in Step 1) are noisy random evaluations of the exact quantities. The
StOFFARp algorithm therefore generates a stochastic process

{ Xk, VL (X&), Sk, Sk}

on some probability space (€2, F, P). The associated expectation operator will be denoted by E[-] and E [ -]
will stand for the conditional expectation knowing {Vi f(X;5) |j e {0,....k — 1}} Note that ¥y = og is
deterministic and we allow the initialization z( to be a random variable. We also denote by Gy, o V95f(Xk) and
G = VIF(X).

One could have chosen o}, to be of the form

o € [Yvg, max(vy, ni)] (12)

where 7, is bounded non-negative sequence, vy, is given by (11) and ¥ a hyperparameter in (0, 1]. This may
be useful when devising a numerical implementation of the algorithm to closer adapt to local variations of the
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Algorithm 1 Stochastic OFFO adaptive regularization of degree p (StOFFARp)

Require: An initial point ¢y € R™, a regularization parameter oy > 0 are given, as well as the parameter 6; > 1.
k=0.
[Step 1: Compute current derivatives] Evaluate gg o VLf(zg) and {VZ f(zk) s
[Step 2: Step calculation] Compute a step s, which sufficiently reduces the model my, defined in (7) in the
sense that

mk(sk) — mk(O) S 0 (8)
and
IViTyp(xg, si)l < 9lﬁllska- (9)

[Step 3: Updates] Set

Tyl = T + Sk (10)
and
Ok+1 :Uk+ak|\sk||p+1. (11)

Increment &k by one and go to Step 1.

local Lipschitz constant, as done in [29, Section 5]. We preferred to keep (11) for the sake of simplicity in our
subsequent analysis.

Compared to the vanilla adaptive regularization methods where the inequality in (8) must be strict (see for
example [9]), we only require a simple decrease, since zero derivatives can occur in the stochastic case.

The test (9) follows from [32] and extends the more usual condition where the step sy is chosen to ensure that

IV s (si) | < 01| ]IP-

It is indeed easy to verify that (9) holds at a local minimizer of my with 6; > 1 (see [32] for details). Thus
imposing (9) and (8) simply amounts to minimize the model (7) inexactly. Dedicated subroutines have been
developed for the case p = 2, see [14, Chapter 8-10] and the references therein. For p > 3, one can turn to a
first-order algorithm (backtracking gradient descent [14, Chapter 2]) or a second-order one such as standard
trust-region [14, Chapter 3].

We propose the following conditions on the expectation of the errors on the derivatives tensors.

» Assumption 5. There exists kp > 0 such that at each iteration k > 0, we have that
. Pe———— p+1 .
Ex [IV5F(X0) = VEF(XI 5| < kpte, Jor all i€ {1,...,p}, (13)

with & = Y10, ||Sk—i|[PT! with the conventions that

def g0 .
I1S-all =+ IS-mll =1 and oj ==, je{-m....~1}, (14)

so that (11) is valid even when k € {—m, ..., —1}.

We now discuss our proposed tensor conditions and compare them with previously used requirements on
stochastic derivatives, first focusing on the case m = 1 (we discuss the usage of (13) later). Our subsequent
discussion is divided into two parts: the first considers different values of p, and the second deals with the
practical case where p = 2. How to guarantee the conditions (13) in practice will be discussed in Section 4.

First and foremost, note that the condition (13) can be related to the following requirements on inexact
tensors

IVLf(Xk) = Vif(Xp)ll < wpllSkllP~ !, forall ie{1,...,p}, (15)

proposed both in [1] and [14, Chapter 13]. However, one of the pitfalls of (15) is its implicit nature in that
St is not available when Vi f(X}) is evaluated. Our condition (13) only uses information available from past
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iterations. Note that the exponent pﬂli n (13) is coherent with the standard condition (15) used to obtain the
optimal complexity of tensor methods as proved in [14, Chapter 13] or [1]. This condition also implies that for a
fixed i, a higher p implies a tighter approximation of the i-th order tensor.

To the best of the authors’ knowledge, other stochastic adaptive regularization methods, such as that proposed
by [7], additionally require more accurate function value approximations. Specifically, the condition on the

approximate function value f(xy) in [7] is that

[Fla) - <xk|<n<z_vz }), (16)

where 7 is an algorithmic dependent constant and the term in parenthesis can be shown to be of order ||s;||P*!,
which is more restrictive than (15). Moreover, the implicit bound (16) must hold for all iterations, making it
somewhat impractical for stochastic problems in machine learning where subsampling is used. Note that the

probabilistic assumptions required for the approximate derivatives in [7] do not treat each tensor derivative
separately but are slightly more general but also more abstract as they consider their combined effect in the
Taylor’s expansion. For further details on stochastic adaptive high-order methods, we refer the reader to [7] and
the references therein.

We now turn to the case p = 2 and compare our framework with previous stochastic cubic methods. The use
of the past step to control the error on the inexact gradient and the Hessian was first proposed for numerical
experiments in [35] with good empirical success, although the theory requires the use of the current step as in (15).
This approach was later investigated theoretically in [43] in an inexact cubic regularization algorithm, where (15)
is assumed to hold with || Sk—1|| instead of ||Sk||. However, the authors unrealistically assume knowledge of the
Lipschitz constant. More recently, this idea has been combined with variance reduction in [49] to devise efficient
cubic regularization algorithms, but knowledge of the problem’s geometry is still required.

One drawback of using only the last step size to control the error is that it may make the method exact after
a few iterations, as illustrated in [35]. In contrast, we hope that using the last m steps may provide better control.
Intuitively, we are able to use the last m steps to control the errors as our o update rule (11) accumulates the
past steps size lengths.

Other notable stochastic adaptive cubic regularization methods have been developed in the literature; see
for example [3, 18, 40, 42, 44, 49, 51] to name a few. Let us now briefly review these references and highlight
the novelty of our approach. First, note that [18, 42, 44, 49, 51] do not provide an adaptation mechanism for
the regularization parameter and typically assume knowledge of the Lipschitz Hessian constant. We should also
mention that the conditions proposed in [18] are very similar to ours, as they also propose bounds on

Be [IVEF() — VEF(G)IE]  and B [I92£(X0) - VEF(X)I°

However, it should be noted that the analysis is limited to the second-order case and again assumes the knowledge
of the Hessian Lipschitz constant.

Another line of work [3, 6], although adaptive, still requires an accurate approximation of the function value
to successfully adjust the regularization parameter oj. Note that [3] also proposes inexact conditions that are
dynamic (as is the case here in (13)) and controlled by the inexact gradient norm. Note also that this latter
work imposes exact evaluation of the objective-function value and is restricted to the second-order case.

Finally, a “full” stochastic cubic method has been proposed in [40], where the gradient and the Hessian satisfy
a condition related to (15) with some probability. However, they impose additional conditions on the stochastic
oracle of the function value. To our knowledge, no practical case for machine learning has been proposed in [40].
In contrast, our paper later proposes practical variants of (15) for machine learning problems.

3 Evaluation complexity for the inexact StOFFARp algorithm

We start our analysis of evaluation complexity by defining the following constants for notational convenience:

P . p +i 1 (2 )L“
1 def 2 o def priv— p) P 1
Xp = ;:1 ipr) ;:1 D T () (2p) (17)

p+1 ptl

B2 (i) s () )

=2
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We may now state local decrease bounds resulting from classical Taylor inequalities and the step computation
mechanism. They combine the standard bounds coming from AS.3 while also taking into account the assumption
on inexact derivatives AS.5 that holds in expectation.

» Lemma 6. Suppose that Assumptions 1, 8 and 5 hold and let o > 0. Then

B | Sl | < B0 - SO0+ B [15007) + ko3 1)
and
g, | 1Ges ViggikaSk)“T] < kB, {”zkgiﬂ] + hiph X?)éﬁu (20)
where -
def Ly def Ly, = 3
5, 9 (p+ ol +x) and K, = Ky (p') + Xp- (21)

Proof. By combining (4), (6), (5) and basic tensor inequalities, we obtain that
F(Xnt1) = T p(X, Si) = f(Xk+1) = Ty p( Xk, Sk) + Tp.p( Xk, Sk) — Trp(Xk, Sk)

( "2l + Z (V) - TR [
L p+1 7, i i
S a1 ISkl +Z*HV F(Xx) = VEFXO)Sk]l"
Using now Young’s inequality with p; = pﬁl - and ¢; = 1 , we derive that

f(Xkq1) = Ty p(Xg, Si) < IS [P

( )
1

oo

Using the definition of x} in (17), that of , in (21) and the fact that (8) gives that Ty, (X, Sk) <
f( X)) — @%’aﬂﬂSkaH, we obtain that

(p+1—9)|VLf(Xy) = Vif (Xk)Hp“1+i||5k||”+1
p+1 p+1 |’

ISP ) < 060 - Ty )

(p+1
(p+1—19)||VEf(Xy) — V’ (Xk)||P+1 i
< S p+1 z .
KallSk|] +;1 ( P

(f(Xm )+

Taking now Ey, [.], using (13) and rearranging

B | 2P < B LX) = £+ maB 6P + o Z L

(p+ 1)d! [ Sk

Using now x3 definition in (17), we obtain (19).
We turn now to the proof of (20). Using the triangle inequality, (5), (4) and (6) yields that

1Gk+1 = ViTrp (X, Si)ll < [Grosr = ViTpp(Xn, Sl + Ve Tr,p(Xk, Sk) = VT pp(Xi, Si)l
p

s -

| /\

pHS IIP+Z IIV’ F(Xx) = VEFXR)ISkI

| /\

*pHSkHP + || VAF(X) = VLX)

P

Z HVZ (Xe) = VEF(X)IISk]

=2
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Again using Young’s inequality with p; = p+1 - and ¢; = ;5 for i € {2,...,p}, we derive that

_ L _
1Gra1 = VT p (X, Si)l| < ;f\\SkIIp Vo f(Xe) = VEF(X0)|

P

1 Pl Gig - D
+ 3 s (P w00 - T+ )

=2

pi1
Taklng the last inequality to the 2= p 1 power, using the fact that z 7 is a convex function, the definition of Kp

in (17), the fact that the left-hand side has 2p terms and dividing both sides of the inequality by 3¢ | gives that

- pt1
|Grr1 = VT p (X, Si)ll 7

E?H
L T S|P+t \- VIf(X v
<y (L) IS IO Tl
p EkJrl Ekﬂ
vy pr1—i]5 VLA - VIFXIEE  [i= 115 sifet?
T hp Z pFL [ :| o + |: :| na :
= (=1 p k+1 p T
Taking the conditional expectation over the past iterations, using (13) and the fact that ZQ <s= for the
k+1
terms ||V f(Xy) — Vi f(Xk)||, we derive that
=T — pt1
|Gry1 — ViTr (X, Se)|| 7
Y
L\ g ISt ;
P
<k (p) Ek |:ka:| +rK HD%
"\ p! i TR
P L ptl p+1
1 p+1—i]» i—1]7 S|P
+“1)Z Il [ ] éll""[ } Er [H;a :
(i1 p p k+1
Using now the definitions of x3 and x, in (18) and that of , in (21), we obtain (20). <

The next lemma provides two useful upper bounds on the gradient norm at iteration k& + 1 divided by the
regularization parameter. This also clarifies why Lemma 6 was stated with a generic o parameter: we will
need this result for two different values of « in the following proof, which is inspired by [9, Lemma 2.3], but it
also takes into account the derivative tensor errors that hold in expectation (AS.5) and the update rule of the
regularization parameter oy in (11).

» Lemma 7. Suppose that Assumptions 1, 8 and 5 hold and let k > 0. Then,

pt+1 k—1
G » > ) Yy — 2
E, I k+,,1+H1 < By | 2L 2R Z G T 2 (22)
P Ek+1 j=k—m ZjJrl
k+1 -
and
|G I S
Ep | /| < &Ei [Bry1 — Zx) + K Z Y41 — (23)
El§+1 j=k—m
where
2; HPT‘H 1 2'mp+1 4
def 27 1 2= def P KpRDX
Ke =~ | Ko+ =500 " and kg = ———F7 2 (24)
UOp pte 0_011

with ky, X3 and x, defined in (17) and (18) and k, given by (21).
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Proof. First consider o € {;1), ’%’1} From the triangular inequality and the fact that

1 ptl ptl
<ot (s )

for x,y > 0 and (9), we obtain

pF1
[Genall s _ (1Gkes = VITrp (X 5001+ [VIT75 (X, 50)1)
X B Z%ﬂ

o2 [1Grt1 — VITy (X SN o3 VI (X, S| 7

Eg-i-l 2?—}-1
. ;(GM v1§£p<xk,5k>||”?+<eﬁk>pf ”Sk”pH)
k+1 Pl N
Taking Ey [.] and using (20), we derive that
E; Gl < 2By I L od s & 4o} ;IEJ s 1Sl 25
s ] ”[Em] PRDXp g + 27 ‘o EzH]' 2)

L for
j€{k—m,... k}, (25), and also that ¥, is non-decreasing, also Xy > 00, X > g for k > 0, both facts
resulting from (11) and (14), we derive that

: . -y
We first prove (22) and start with o = prl. Using that &, = >0, [[Sk—; [P+, that [|S;]|P*T = %

m k—1
E, HG/c+p1+H1 < 9ty pt1 — Zg 1; T 3 Yji—X 1 .
Xt Zk1 MY %) j=k—m ¥ Yj1 2
p+1 1
P P
o3 O, | B
ple k+1 2p+1
2% Shit — Sk Bl oSN 0 [Se -
S pt+1 HbEk |: D :| + Rq Z . i . +2; 1p+1 Ek |: ; :| ’
UOP k+1 j=k—m j+1 p' P k+1

where kq is defined in (24

). Rearranging the last inequality and using the definition of k. in (24) yields
inequality (22).

Consider now the case where a = %. Again, using the same arguments used to prove (22), we deduce that

pt1

k—1
G 1 b)) -2 1 -2 1
g, | 1Gsl™ | o g Bl o2 L by Y DL E L
Engrl k Engrl j=k—m J Elg
p+1 1
1 6,7 Yr(X -2
+2; 1p 1Ek k‘( ki’l k)
o S
2% = L0
< Bk [Xrr1 — Bk] + Ra Z Y1 — +2P 7 Bk [Bra1 — S
O'Op j=k—m p! p

Rearranging the last inequality gives the second result of the lemma. |

The following lemma restates a result similar to that developed when analyzing the exact version of Algorithm 1

in [29], but we extend it by providing a bound on [|Sg|[P™!, under the assumption that ||Sk|[P™! is bounded by a
constant depending on Assumption 4.

» Lemma 8. Suppose that Assumption 1 and Assumption 4 hold. At each iteration k, we have that

Il < 2max <n, (gt ) , (26)
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where
1
7= max [Hh gh,(er )} . (27)
i€{2,...,p} il og
Moreover,
Y1 — X
ISklPH 05, <2n < (14 2P P ) 220 g <oy (28)

Ykt

Proof. See Appendix A for the proof of inequality (26). We now turn to establishing (28). From (11), and the
fact that || S|P 1ys, <2y < (27)PT, we have that

Set1lys,<2g = Skljs, <2 + 1SePH Erls, <2y < Zrls, <2y (1+ 20)P),
which yields that

rr1ljsi<on

1+ (2n)p+ < Xplysy)<an-

Multiplying both sides of the previous inequality by || S|P, adding ¥41 s, <2, and using identity (11),
we derive that

Ykt1
S ISP s <en < Lysg<zg (B + DellSklPH) = Siialys,j<2n-

Yl —_—
kLS, <2n + 1+ (277)

Now rearranging the last inequality yields (28). <

g1 -2k

Why we have showcased the term =% in the upper bound of (28), it will become clear later in the paper.

k+1

et
We now turn to proving a bound on E [(lg:l) ! ] , as it will allow us to derive a bound on E [||Si|[P*].

» Lemma 9. Suppose that Assumption 1.1, 8 and 5 hold and consider an iteration k > 1. Then, we have that

=\ 22 mpt2 f—1 k—2
E (lle> < HD2P+IP E Fa‘ﬂ — Zj] tobk, Y E [ZjJrl — 23}
Ek O'T j=k—m Zj+1 j=k—m—1 Zj+1
Sp— g
+27 K, [kzkkl} , (29)
where K, is given by (24). We also have that, for k =0,
pt+1 p+1
GNF] L hp E[IG]
¢ (H03”> <2 | et ——e— |- (30)
o o
Proof. Consider an arbitrary positive k. From the triangle inequality and the fact that
p+1 1 pt+1 p+1
o <o (o5 4y )
for z,y > 0, we derive that
IGEIN " _ (1Ge=Gell + G\ " _ 2 (1Ge =Gl | 1GslF"
k ’ k— Gl + |Gk ’ 1 k— Gl » kIl P
(190)7 < (oteton) s (gt o).

I I

Taking k = 0, using the fact that ¥ = 0y and (13) with i = 1 yields (30).
Counsider now k > 1. From the inequality (31), it is sufficient to provide a bound on the two terms of the

left-hand side in order to establish the lemm%’fl result.

Let us first provide a bound on % in expectation. Using that ¥; is measurable with respect to
2.7

the past, (13) for ¢ = 1, (11) and that ¥; > £& for j > —m from (14) and X > op for £ > 0 and that
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& =200 [1Sk—; [P+, we derive

__ p+1
G — G| 7 1 __ il
E, || m|| - K, [lle—lel : ]
%0 .7
K kp o S -3 kp2 e 2 9, -%
D D j+1 = 245 D2 P j+1 — 245
R S Py Sy
G DI z:j P z:j+1
k k j=k—m o)) j=k—m
Taking the full expectation in the last inequality yields
Pr— p+1 mp+1
Gk, - Gk v :‘QD2 P 1 —
E || e || < T Z E J+ ) (32)
ka O'OP j=k—m J+1
Let us now focus on the second term “Gk\l . Using (22), and taking the full expectation yields that
Ek
Pt k—2
Gkl Y = Dg1 Vi1 — %
E|lV—+—| <kE|—=""— E|——]. 33
e i i Z i+ (33)

X7

j=k—m—1

Note that as k > 1, the last term in the right-hand side of the previous inequality is always well-defined. Injecting
now (32) and (33) in (31) gives the desired result. <

The next lemma explains the specific dependency of the bounds (29) and (28) with respect to 3.

» Lemma 10. Let {(a;)je(m,...n}} be a positive nondecreasing sequence with m < n and (m, n) € Z*. Then, we

have that
S BT < og (a,) — log () (34)
Jj=m+1 aj

Proof. Let j > m + 1 and suppose that a; > a;_;. By using the concavity of the logarithm and since the
sequence a; is positive and further rearranging, we derive

s —
1= %1 < log(a,) — log(a;—1).
a;
Note that the last inequality is still valid even when a; = a;_;. Thus, summing the last inequality for
je{m+1,...,n} yields (34). <

Combining the results of Lemmas 8, 9 and 10, we are now able to provide a bound on Z?:o E [|1S;]IP+1].

» Lemma 11. Suppose that Assumption 1, 1, 1 and 1 hold. Then
k
D E[IS;IPH] < ke + rflog(E [Sh4a)), (35)
j=0

where k., and k; are defined by

ptl
e e (0 EllGol ]\ 1
d f p+1( + 1) 211) Ii)il + =Sy + 2;:‘1(1 (lOg(Q)mT - IOg(UO))
0'0 (o) P
2'm,p+2 1
1 P -
— 2% e log(oo) + 2 (10g(2) 5= ~log(o0) ) | — (142777 ) log(oo). - (36)
oy ”
where k. is given by (24) and
dof Lpr1, 2P+ a £+2
1+2p+ p+ +# </<«'D2 m+2 Xp/ﬁplipm—FQ”F«' ) (37)

P
09
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Proof. From inequalities (26) and (28), we have that

S0P < 1S5 1P s, < + 195117411 R
IIEICE =0

+1

<(1+ 2P+1np+1)2j+1 — % 4 optl e+ DUGTY ™
B Yjp ¥

Taking the full expectation in the last inequality, summing for j € {0, ..., k}, using (29) for j > 1 and (30) when
7 =0, we derive that

pt+1
. ‘ E[lIGo | ]
P — Y. j3 0
SCE(ISIP] < (2t S B el | s
i=0 =0 It oo " "
b kp2 Yoyl — — X1 — X
- pi1 Kp2 P Zerl T e
+2 (p—l—l)! Z pTH Z ]E{ o1 ]+pr€p Z E[ 241 }
j=1 o t=j—m f=j—m=-1
2
2p Yi—2i 1
+ 2 ke [ j EJ ]
UOP J

2’527;2’} . By inverting the two sums, the linearity of the

expectation, Lemma 10 and the fact that ¥ is non-decreasing, we derive after some simplification, that

.Zk: ]Z_é E[M} =ii1@[w}

E]—€+1

We now provide a bound on the two sums involving E [

< ZE [log(Xr—e11) — log(31-¢)] < mE [log(Xx)] Zlog (21 z)

mem

2

m(E [log(3x)] — log(oo)) + log(2) (38)

Similarly for Z =1 Ze i1 [25%;2@} and using the same arguments as above yields that

k Jj—2 . m k ) - ) m2 m
) B | P2 Y S | BB < (e log(e-)] - loglon) + g ",

Jj=1lt=j—m— Xt (=1 j=1
(39)
Now using (38), (39) and the linearity of the expectation, we obtain that
p+1
: +1 41, pt1 +1 p+1 1 [ Kp {”GOH ! }
D OE[IS1P] < (1427 Pt E [log(Sat1) — log(oo)] + 2P (p+ 1)!7 20 | —5 + yEa}
j=0 oy” ay"
21np+2 1
p+1 P —
+ 20 (p 4 1)!% @Tm (E [log(Zk) — log(oo)] + m2 10g(2)>
oy”
2 e XpI{DIip m+1
+ —————m | Eflog(3-1) —log(0o)] +log(2)——

99

2

2p
+ — kR [log(2g) — log(oo)]

P
o

Using Jensen inequality, the fact that ¥ is a non-decreasing sequence, and the definition of s, and k; in (36)
and (37) yields the desired result. <
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We are now ready to give an upper bound on E [X;], a crucial step in the theory of adaptive regularization
methods (see [9] or [29] for instance). We will also need a result on the solutions of a nonlinear equation that
combines logarithmic, linear, and constant terms. The latter is given in Appendix B.

» Lemma 12. Suppose that Assumption 1-5 hold. Then for all k > 0, we have that

76*’%]
E[¥X:] < 0max def + DKok + mer k) W_1 , 40
=) 4 )+ o) W o ez ) (40)

where k, 1s given by (21), k; by (37) and
Lo + gyt + Rate + mepxp ("5 + Ke)

= : 41
g Kakip + MEDX2Ky (41)

with
To “ E[f(X0) ~ fiow] (42)
and K, given by (37).

Proof. Let j € {0,...,k}.First see that from (14) and the definition of §;, we have that

k k. m m i— m k
Y EEI=) ) E[lSi—ilPt] =ZZE 1S;—lP* T+ Y E[IS—il ]
7=0 7=01i=1 1=1 j=0 =1 j=1
m m k—1
<3 i+ S E[IS 7]
i=1 i=1 j=0
k—1
<M S R[S

Summing (19) for all j, taking the full expectation and using the tower property, and using the previous inequality
to bound Z?:o E [¢;], we derive that

2|y

IIS [
]=O
k k m2+m k—1
< MBI — FGe)l + D mE (ISP + mond | Zo +m SRS+
7=0 7=0 7=0

Using (11) to simplify the left-hand side, AS.2, and using (35) to bound both E?:OE [119;/P] and
Zf;& E [||S;][7*!], we obtain that

[ Y1 — 2o
(p+ 1)

Using now the definition of I'y in (42), the fact that the ¥; sequence is increasing, the last inequality gives that

>
E k+1]gro+

+1

} < E[f(X0)] = fiow + Kal(ke + £ 10g(E [Spq1]) + mep Xy <m2 + Ko + ki log(E [Zk])> .

m+1
+ Ka(Ke + £t 10g(B [Sky1])) + mep X < + Ko + Kt log(E [Zk+1]>> . (43)

L(p+1)! (p+1) 1) 2
Now define
def 2 def 1 def
= KaKi + MK K, = —— =E[X , 44
B! f DXpke, 72 (p+ 1) [Zkt1] (44)
def >0 5 [ M+ 1
= F Y] alve 5 e 45
73 0+(p+1)!+li/€ +mHDXp< 5 +KJ> (45)

and observe that —3y2 < 71 since (p+1)!k, > L, > 3 and k¢ > 1. Define the function (t) def 1 log(t) + 2t + 3.
The inequality (43) can then be rewritten as

0 < ¢(u). (46)
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The constants 71, 72 and 3 satisfy the requirements of Lemma 17 and 1) therefore admits two roots {uy,us}
whose expressions are given in (65). Moreover, (46) is valid only for u € [u1, ug]. Therefore, we obtain from (44),
(45) and (65) that

E[Spi] < —(p+ Dy Wy [ — 3
k+1] = —(P YW1 (p+1)!71 .

We then derive the desired result because the last inequality holds for all £ > 0 and X is increasing. <

We now discuss the bound obtained (40). First note that it is possible to give a more explicit bound on opax
by finding an upper bound on the value of the involved Lambert function. This can be obtained by using [17,
Theorem 1] which states that, for = > 0,

W_i(—e ™ | <1+ V2 +a (47)

Remembering that, for 71 and 4, given by (44), log ((p + 1)!(kaks + mrpxake)) > log(3) > 1 and taking
T =FKg — 1+ log ((p + 1)!(Kaks + mrpX2ks)) in (47) then gives that

-1
W_ e
‘ 1 (<p + )l (saric - mrpXErc)

—Kg) ‘ < kg + log ((p + D(Kak: + mHDXpr)>

+ \/2 (kg +log ((p + D!(Kaks + mrpx2he)) —1).

Complexity results for adaptive regularization methods typically bound the norm of the gradient at a specific
iteration (see [9] for instance), but our differs in this respect and instead uses the structure of (11), property (23),
and Lemma 12 to produce a bound involving the history of past gradients.

» Theorem 13. Suppose that Assumption 1-5 hold. Then

P Omax
min  E[||Gjy1ll] < (ke + £am) 77—
i B 1G5l < (et mam) 77 o

where k. and kq are given by (24) and omax s given by (40).

Proof. Let k > 1and j € {0,...,k}. Taking the full expectation in (23) and using the tower property, simplifying
the upper-bound, using that Zj 0 Ze —im Sj+1 — Xj <mXy from (11), and using Lemma 12, we derive that

£ IG5 - -
: P
DB | I <k B[S -] 4 ha ) Z E (S — %)
=0 Ef+1 =0 j=040=j—m
< KE [Zgt1] + kamE [Zx] < (Ke + KaMm) Omax- (49)

We now derive a lower-bound on the left-hand side of the last inequality. From the Holder inequality with
q= p'H and 7 = p+ 1 and the fact that (40) holds, we obtain that

P

p+1 p+1
||G +1|| P ||G +1|| P 1
E[|Gjsil] =E J+ EJH <|E|—F— E[X)41] 7

EjJrl Ej+1
pt1 P%
Gl 1
<|E w oL (50)
EJ‘"

Taking the last inequality to the power 2t and using the result to find a lower bound on the left-hand side
of (49) yields that

minjeqo,. k}]E[HG]HH] (k+1) EIC:IEHG]HH < (ko ) o

Umax Jj= Oinax

Rearranging this last inequality and taking the (2£!)-th root finally gives the desired result. |
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The order of dependence on € given by Theorem 13 is consistent with that presented in [9] for the deter-
ministic adaptive regularization algorithm [9, 14], which has been shown to be optimal for pth order nonconvex
optimization [12]. It is also consistent, from this point of view, with that proposed in [29] for the deterministic
version of our algorithm. Theorem 13 however slightly improve on this latter result in another respect: because
the present paper uses different and sharper bounding techniques, the dependence of omax on L, in the constants
of (48) is now (’)(L;,zpﬂ)/p log(L,)), while that stated in [29] is O(Lé‘o’pﬂ)/p).

While the last theorem covers all model degrees, it is worthwhile to isolate the cases where p is either 1 or 2,
detailing some of the constants hidden in (48). We start with p = 1.

» Corollary 14. Suppose that Assumption 1-3 and Assumption 5 hold and that p = 1. Then, the gradients of the
iterates generated by Algorithm 1 verify

yees

min  E[||G, < /(412 + 20202 + 2m+25 ) — X
omin | (|Gl < /(4L + 26303 pm) T

where omax s defined in (40).

Thus obtaining an iterate satisfying E[||Gr41]]] < €, requires at most O (e72) iterations, achieving the
complexity rate of linesearch steepest descent [14]. This result is not surprising, since our condition (13) for
p = 1 is very similar to the strong growth condition [41]. Well-tuned stochastic gradient descent reaches the
complexity rate of deterministic first-order methods under this condition. See [33] for more details on the theory
of stochastic gradient descent for nonconvex functions.

For p = 2, Theorem 13 may be rephrased as follows.

» Corollary 15. Suppose that Assumption 1-AS.1 hold and that p = 2. Then the gradients of the iterates
generated by Algorithm 1 verify

2 2
Omax
++3+2m—1(4+\/§),€Dm> __Tmax
00

min  E[|G, <42 5
i E(IGll <2 24 F 2 o

{00k}

where omax s defined in (40).

Again, if we are interested in reaching an iterate such that E [||Gy41[|] < €, O (e73/2) iterations are required
in the worst case, achieving the same rate as optimal second-order methods (see [14] and the references therein).
As a consequence, our algorithm is an optimal adaptive cubic regularization method without function evaluation
in a fully stochastic setting.

4 Applications of the StOFFARp algorithm

In this section, we present a series of practical cases in support of the StOFFARp algorithm. Given that the
analysis of the latter is contingent on AS.5, two frameworks are provided that satisfy this condition. We start
by considering inexact derivatives in the context of multiprecision arithmetic. We then provide conditions on
subsample size of the stochastic gradient and Hessian for practical machine learning problems with p = 2.

4.1 Inexact Derivatives

Our theory naturally applies to the case where derivatives are inexact. For the sake of clarity, we drop the
uppercase notation and use only lowercase in this subsection. For this particular case, (13) holds without
expectation for all iterations. Specifically, there exists £p > 0 such that the inaccurate derivatives Vi f(xy) used
to compute the model (7) satisty,

IV f () = VEf(@i)ll < wp Y llse—y |77 7" forall i€ {1,...,p}. (51)

j=1

The conditions here are very similar to those proposed in (15). Again, one of the advantages of (51) is that
it considers the previous steps and not the current one, allowing (51) to be enforced at the beginning of each
iteration. This approach formally covers the use of imprecise derivatives, where the approximation of high-order
tensors is performed by using finite differences of low-order derivatives. For more details on these algorithmic
variants, we refer the reader to [14, Subsection 13.2].
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The inexact version of our algorithm also falls under the Explicit Dynamic Accuracy (EDA) framework [14,
Section 13.3], since the conditions can be enforced a priori. The aforementioned settings are a hot topic, and
algorithms have recently been proposed [2, 31]. These theoretical advances have arisen to take advantage of
developments in large-scale modern computing hardware that allow loose numerical approximations of derivatives
when needed. An imprecise version of our StOFFARp can be used in this context and may even offer a simpler
alternative compared to current explicit dynamic accuracy adaptive regularization methods (see for example [14,
Algorithm 13.3.3]).

4.2 Machine Learning Problems

In this subsection, we focus on the case where p = 2 as the results of this section are focused on practical machine
learning problems. In the latter case (1) becomes

N
) 1
fel]%}l{f(x) = N;fi(m;yiaai)} (52)
1=

where both NV and n (the space of the optimized variable) may exceed to millions and f; may be nonconvex. The
pairs (aj,y;) are independent and identically distributed random variables coming from an a priori unknown
distribution D. In this case, it is common to randomly sample batches of indices in the expression of f to
approximate its derivatives. The sampled gradient and Hessian are therefore given by

1 = 1
Vi f(Xk) = bt Z Vo fi Xk, yisai), and V2f(Xy) = b Z V2 Xk, yir i), (53)
9, i€Bg 1 Y iEBH K

where By, and By are the batches at iteration k of cardinality by, and by, respectively. In our case,
VLfi( Xk, yi,a;) are ii.d.! vector-valued random variables and V2 f;(Xy, y;, a;) are i.i.d. random self-adjoint
matrices with dimension n x n. To obtain lower bounds on batch sizes b, ;, and bg . of the stochastic gradient
and Hessians (53), conditions in expectation on the noise of the gradient and Hessian of each f; must be assumed.
For clarity, we will drop the Ej [.] notation and keep only E [.] since we focus only on a specific iteration k. The
goal of the next theorem is to provide requirements on by, and by ; under assumptions that are common in the
literature [18, 51] in order to satisfy (13).

» Theorem 16. Let k be an iteration of the StOFFAR2 algorithm and suppose that the objective function has the

structure given in (52) and that for each i € {1,..., N}, there exist non-negative constants o4 and og such that
E [IV2fi(X,yiai) = Vi f(Xo)|?] < op  and E[|V2fi(Xk,yi,00) = VEF(X0)IP] < o (54)

Then the estimators introduced in (53) for problem (52) verify conditions (13) if

o
bg.k 2> gg 1 (55)
KDEK
and
902 elog(n
biag > 2elos(n), (56)
2kHE;
Proof. As the proof combines elements already developed in [18, 51] but adapted to take into account (13), it is
differed to Appendix C. <

Before proceeding, we discuss our proposed sampling conditions and provide a discussion when m = 1 and
&k = ||Sk—1||3. First, note that we have obtained the same order of dependence on the step size as in the work
of [35]. Our framework improves on this reference because we have not imposed Lipschitz continuity on f; or its
derivatives. Moreover, our condition covers the use of the previous step to scale the batch-sizes, whereas the
theoretical result developed in [35] uses the current step size. Finally, it should be noted that our framework is
more flexible than previous works [3, 35] in that it allows the error to depend on the past m steps, rather than
just a specific one.

1 independent identically distributed
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5 Numerical illustration

In this section, we illustrate the numerical behaviour of our proposed StOFFARp algorithm for p =1 and p = 2
for the machine-learning problems discussed in Subsection 4.2. The goal of the following experiments is to
demonstrate the advantages of high-order objective-free function algorithms for machine-learning problems.
We perform numerical tests on two different formulations of the binary classification problem. Throughout
this section, {a;, y;}¥.; represents the training data with a; € R"™ and y; € {0, 1} representing the ith feature
and the ith target label, respectively. For the binary classification, we propose the following formulation as a
minimization task:

N
) _ 1 _ L 2
in, (@) mNny = mip - , o)
where
laTe)= — 1 (58)
1+eoTe

This minimization problem has already been considered in [3, 4]. We refer the reader to these references for
the expressions of both the gradient and the Hessian. We also consider a second case of nonconvex binary
classification studied in [33, 35], where a standard binary logistic regression is regularized with a nonconvex term.
The binary classification problem is then formalized as:

nin f(z) _gﬁ%{ﬁﬁz —yi log(d(ajx)) — (l—yi)log(l—fb(ah))Jra;ﬁ;? , (59)
where « is a parameter that regulates the strength of the penalization. Note that from [25, Subsection 2.1] and
by using a judicious decomposition of both functions (57) or (59), any subsubsampled Hessian of (57) or (59)
satisfies Assumption 4. The rest of this section is organized as follows. Implementation issues are considered in
Subsection 5.1. To satisfy AS.5, we run a variant of our StOFFARp with p = 2 and various m values, denoted
OFFAR2-m, that implements a sampling strategy using the scaling rules given in Theorem 16. As a baseline, we
use a StOFFARp with p = 1 and m = 1, denoted WNGRAD, since our algorithm retrieves the method proposed
in [46]. As in Theorem 16, we also derive a condition on the sample size to satisfy AS.5 for this method. We
have avoided comparison with other second-order stochastic algorithms, such as those proposed in [3, 4, 35, 44],
since they either require access to the exact value of the function to adjust the regularization parameter oy, or
assume knowledge of the Lipschitz constant. Some illustrations of both methods are provided in Subsection 5.2.

5.1 Implementation Issues

Our implementation relies on the code provided in [35]2. The subsampled cubic regularization subroutine is
slightly adapted to allow the use of the update rule given in (11), to fulfill the condition given in (9) when
computing the step, and to subsample in accordance with the conditions of Theorem 16. Specifically, at the
initial iteration of the OFFAR2-m algorithm, the values of by, o and by o are set to 0.05- NV and 0.20 - N in order to
compute the approximate Hessian and gradient, as defined in (53). Note that this choice of initial subsampling
size is consistent with past subsampled methods developed in the literature [3, 35]. For k > 1, we using the
following subsampling strategy:

by, = max (Ci,ozo : N) . by = max (”5,0.05 : N) , (60)
& 3
2
where ¢, = byom3 and cy = bﬂ)g(rz;’ and m is defined in (14). The choices of the constants ¢, and cy are

‘~ ol

made to ensure that our first subsampled derivatives verify (55) and (56) with xp chosen as —g%— for gradient
b4

3
subsampling and (9¢) 2 (log(n)o )3
(2bm,0)2 3 m

variants with m € {1, 50, 250, 500}.

for the Hessian subsampling. We also chose oy = 0.01 and #; = 2 and ran four

2 Available at https://github.com/dalab/subsampled_ cubic_ regularization.
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We also developed our own implementation of the WNGRAD algorithm where we use an initial batch size of
bg.0 =0.05- N, m =1, and subsample for £ > 1 with

).

We also choose op = 0.1 for WNGRAD. Both methods start from an initial point zo = (0, 0, ...,0) and « in (59) is
taken equal to 0.001.
The algorithms are stopped when an iterate zj satisfying

0.1

_ 61
e (61)

by r = max (0.0S - N,

IVLf(z)] <e with €= 0.0005 (62)

is reached. The maximum number of iterations for both OFFAR2-m and WNGRAD is set to 1000 and 10000,
respectively. The datasets are taken from the LIBSVM library [16] (see Appendix D for more detail).

5.2 Results

To evaluate the performance of our methods that involve stochastic ingredients (resulting from approximation by
subsampling), all reported results are averages over 20 independent runs. To provide an appropriate comparison
between the tested methods which may employ different batch sizes, we report the performance measure

k
Talgo = Z(bg,i + bH,z') - €865,

i=1

(63)

where ege;, the effective gradient evaluation metric, counts the number of Hessian-vector products used at each
iteration to compute the step for the OFFAR2-m methods in addition to the number of gradient evaluations. For
the WNGRAD algorithm, the value of ege; is equal to one, while the value of bp ; is equal to zero.

Figure 1 shows the standard performance profile [24] for the five methods with respect to the performance
measure (63). The figure illustrates that our proposed second-order method identifies an approximate first-order
stationary point more rapidly than simple adaptive gradient methods represented here by WNGRAD. It is evident
that the OFFAR2-50 method is the most efficient. OFFAR2-1 is the second most efficient, but it may perform less
effectively than the other methods on some problems. To illustrate this point, consider Figure 2, in which f*
denotes the best (i.e., minimum) value obtained among all the four tested methods, and where the number of
samples is reported for each method. The two problems considered here, SUSY and w8a, illustrate cases where
the performance of the methods with longer memory (m € {250,500}) is superior to that of the methods with
shorter memory (m € {1,50}), both in terms of convergence and the number of samples used by the methods.

1.0' ......................... [ o o e e e e e e e e e e e ]
I
;
jmmmmmmmmmd e
! i
0.8 - ot i,
| | i
y—— p— ——— i
kel : 1
g 0.64 oo r.Ll___—! ................. 4
3 1
1
o I
5 H --- OFFOAR2-1
Soati M e OFFOAR2-50
s i --- OFFOAR2-250
p— —-- OFFOAR2-500
i: WNGRAD
0.2 9/
i
0.0 . . . . . . . .
1 2 3 4 5 6 7 8 9 10

performance ratio

Figure 1 Performance profile of OFFAR2-m for m € {1, 50,250,500} and WNGRAD for the datasets

considered in Table D
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SUSY \ sigmoidbinary (n=18, p=5000000) SUSY \ sigmoidbinary (n=18, p=5000000)
107 4 m— OFFOAR2-1 1071
== OFFOAR2-50
10-2 4 s OFFOAR2-250
=== OFFOAR2-500 6 x 106
1073 4
C @ 4x10° = OFFOAR2-1
| < = OFFOAR2-50
w 107* 4 E = OFFOAR2-250
E ©w 3x10°8 m== OFFOAR2-500
1075 4
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100 w8a \ nonconvexreg (n=300, p=49749) w8a \ nonconvexreg (n=300, p=49749)
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Figure 2 Evolution of the loss function w.r.t. the epochs and number of samples along iterations for
SUSY and w8a

We remind the reader that one epoch denotes a pass made on the whole data set (samples f; in (52)) when
computing the stochastic gradient and the Hessian.

We also use Figure 2 to exemplify a generic problem occurring when using short memory and single-step
length control: the resulting method may become exact (and therefore computationally expensive) after only a
few iterations, as the required samples involve the entire data set. This (undesirable) behavior is also observed
in many methods, including the subsampled cubic regularization method presented in [35]. Other subsampled
second-order methods impose a tight probabilistic bound on all iterations (as shown in [20, 39, 47]), which
again causes the algorithm to be deterministic for most iterations. The same drawback also appears in some
methods that impose the growth of the batch size and the use of the exact Hessian and gradient starting from
a specific iteration [11]. In contrast, OFFAR2-m methods with long memory allow the error bounds to remain
large, resulting in more aggressive sampling until termination. It is worth noting that, empirically, OFFAR2-m
with large m reaches local minima with a lower objective value. Longer memory may however occasionally may
result in slower convergence in practice (as illustrated by Figure 1), and satisfying the criteria (62) may become
costly. The reader is referred to the examples shown in Appendix E to understand some of the problems that
arise when using a large m.

These early results suggest that using high-order OFFO algorithms may be beneficial, but the authors are
aware that additional numerical experiments are required to better assess their potential. Indeed, refinements
on the update rule of the regularization parameter have been proposed in OFFO second-order methods, be
it trust-region [28] or adaptive regularization [29], and a thorough analysis of the influence of the values of
1S_1l,- -, ||S—m]|| and the length of the memory m may be required. We have avoided their discussion here to
keep our analysis and numerical experiments concise. Their addition may require a more involved proof and may
impose stronger assumptions.

6 Discussion

In this paper, we have developed a fully stochastic theory for an objective-function-free adaptive regularization
algorithm described in [29]. Since the algorithm does not use the function value to accept or reject the step, it
avoids the need to compute this value with an accuracy higher than that used for the gradient, thereby making it
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a computationally attractive technique for noisy problems. The new algorithm introduces novel conditions on the
probabilistic tensor derivatives, and uses the history of past steps to determine the level of derivatives’ accuracy
which is acceptable in expectation to ensure convergence. Our analysis shows that its evaluation complexity is
optimal in order.

We also discussed two application cases. The first focuses on noisy inexact functions, where inaccuracy arises
from lower precision computations or the use of finite differences. The second case is finite-sum minimization
(typical of machine learning problems), where we provide sample size conditions to meet the specified requirements
under mild assumptions. Applying the algorithm to practical binary classification problems highlighted the
advantage of second-order OFFO methods over standard adaptive gradient strategies and also showed that the
proposed sampling scheme can remain practical throughout the computation.

Unsurprisingly, an extension of the algorithm to guarantee termination at approximate second-order stationary
points is possible, in the vein of what was proposed in [29, Section 4] for the deterministic case. The analysis
would be very similar to that of Section 3, replacing |G| by the appropriate measure of criticality.

One possible further improvement is to study the OFFO algorithm under the assumption that

Ei [IVES(Xe) = VEF(XOITT| < kS|P 4+ ke, forall i € {1,...,p}.

An assumption of this nature has been considered in the analysis of adaptive gradient methods [27], and extending
it to higher-order OFFO schemes seems a natural line for future research. A second line may focus on proposing
OFFO schemes that incorporate momentum when updating the regularization parameter.

A | Proof of (26)

Proof. In the following, we use lowercase notation as the Lemma 8 is valid for all iterations and all realizations.
If p =1, we obtain from (8) and the Cauchy—Schwartz inequality that

soullskl® < —glsk < lgill sl
and (26) holds with = 0. Suppose now that p > 1. (8) gives that

p p
_ 9k p+1 0 l i i — Khigh i
e ™ < s = 3 GVl < el + 3 Sl

where we applied AS.4 to obtain the last inequality.

Applying now the Lagrange bound for polynomial roots [48, Lecture VI, Lemma 5] with © = ||sg||, n =p+ 1,
ap =0, a1 = ||Gxl|, @i = Knign/?! @ € {2,...,p} and ap11 = 0r/(p + 1)!, we obtain from (8) that the equation
S o aiz’ =0 admits at least one strictly positive root, and we may thus derive that

1 1
sl < 2max @+ DG\ " ) [ nign(p + D P
- Ok ’ ilog '
i€{2,...,p}

Using now the fact that o5, > 0y and the definition of 7 in (27) yields (26). <

B Solutions of the equation v; log(u) + yeu + 3 =0
» Lemma 17. Let (71,72,73) € RY x R x RT and % > f%. Then the equation
M log(u) +you+ 73 =0 (64)

admits two solutions 0 < uy < ug given by

U = EWO (’7/26"(’13> and Uy = ﬂ 1 <’Y2€’Y‘Yl?,> 5 (65)
72 94! V2 T

where Wy and W_1 are the two branches of the Lambert function [21].
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Proof. Note that since 6%13 <1 and —% < 22 < (, we obtain that

1 Yo 23

—en <0. (66)

-5 <
37 m
Let u be a solution of (64). Rearranging the equality (64) and taking the exponential yields that

22,
71

—3
Y1

u==e

and thus that
2 et = 250
23! gs!

Taking w = 224 and using (66), we obtain that the equation

—3

we? = Z2en
"
admits two distinct solutions w; and ws given by
—vs
and wy < wy < 0.
<

WO (6 713) s Wo = W,1 (we 71
71 71
The desired result then follows from the facts that v = 2+ —w and that 71 < 0.

C Proof of Theorem 16
Before proving Theorem 16, we need the two following auxiliary lemmas that we state below

» Lemma 18. Suppose that 21, 22, zn are i.i.d vector valued random variables with E [z;] = 0 and E [||z]?]
+o00. Then

1N
Ellw 2

Proof. See [51, Lemma 31] for the statement of the lemma and Appendix C of this reference for its proof. <«

| <L @am?t.

» Lemma 19. Suppose that ¢ > 2, n > 2, and fix r > max(q,2logn). Consider i.i.d. random self-adjoint

Yy with dimension n x n, E[Y;] =0. Then

Q=

matrices Y1, ...,

N q

i=1
Proof. As for the previous lemma, see [51, Lemma 32] for the statement of the Lemma and its proof

We are now in a position to provide the proof of the statement of Theorem 16
def 1
= Vi )

Proof. We start by providing a proof on b, ;. First, denote g, = V, fi(Xk, i, a;) for i € By, so that (53)
(67)

and (52) give that
Vif(Xy) and VLf(Xy) = — Z Gi k-
1689 k
.k and using the first part of (54), we derive that

E{gik] =
gi k—bz%f(xk) fori € B 7

Applying now Lemma 18 with z; =

ol
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and so if by i is taken as in (55), (13) holds for ¢ =1 and p = 2.
Again, as for the gradient, we denote H; j, def V;fi(X;€7 Yi, @;)., and thus

E[Hip) = V2f(Xi) and V2F(Xp)=— > Hip (68)

’LGBH k

Also note that (54) and Jensen’s inequality imply that
2 2 2 31\ 3 2
E[|Hp - Vi f(X0)IIP] < (B [1Hix — Vaf(Xe)l*])® < of (69)

T2
Applying now Lemma 19 with ¢ = 3, r = 2log(n), N = by, and ¥; = %{(xk)’ we obtain that

3 :

1 2

E ka > Hu= V)| | < [2v2elog) || D0 5B [(Hin - V2£(X0)?]

1€EBH K iEBH,k, H.k
3
8elog(n 5
+ 20080 (| 10 - V250001 )| (70)
H.k i€BH,k

SR

|Az|| = ||A||z for any positive definite matrix A7 the Jensen’s inequality, that || B2|| = || B||* for any symmetric
matrix B, and (69), we derive that

Let us now establish a bound on . Successively using the fact that

Nl=
N

S B [(Ho - 2 (x0)’] > B [(Hi - V25(X0)7]
1EBH K bH7k i€BH.k bH,k

2

Hip — V2[(X0)"]

Hka

[H ik — Vf(Xk))‘

ka

1
]2
1

— B[t -]

\/bH K

Now injecting the last inequality and (54) in (70) yields that

OH

N

IN

3

3
E - Z H;p,— V2 f(Xy) < (20-H 2610g(n)+8610g(n)aH>

b b b
Hk o Cpm H.k H.k

Imposing the left-hand side of the previous inequality to be less than xp&x and using the concavity of the square
root function then yields that

1

1 \/26 log(n) + 8elog(n)x}, : i — /2elog(n)
<
bur 8elog(n)

s

8e log(n)négé B 2%%55
= 12e0p log(n)\/2elog(n)  30+/2elog(n)

Rearranging the last inequality gives the bound (56). <
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D Considered Datasets

Table 1 Datasets characterization, source: LIBSVM|[16]

Dataset | Samples | Features
a9a 32561 123
ijennl 49990 22
w8a 49749 300
SUSY 5000000 18
HIGGS | 11000000 28
E Additional Results
higgs \ nonconvexreg (n=28, p=11000000) higgs \ nonconvexreg (n=28, p=11000000)
=== OFFOAR2-1 ™
=== OFFOAR2-50 107 4
107 s OFFOAR2-250
=== OFFOAR2-500
10-2 6x10°
ES %
! =
% 10-4 E 4x10°
o
3x 108
103
= OFFOAR2-1
2x10° = OFFOAR2-50
10°° mm= OFFOAR2-250
== OFFOAR2-500
0 20 40 60 80 100 0 50 100 150 200 250 300 350
epochs iterations
a9a \ sigmoidbinary (n=123, p=32561) a9a \ sigmoidbinary (n=123, p=32561)
10-1 4 m—— OFFOAR2-1 ex10tl

=== OFFOAR2-50
=== OFFOAR2-250
=== OFFOAR2-500 4x10*

3x10*

samples

2x10*

== OFFOAR2-1
=== OFFOAR2-50
mmmm OFFOAR2-250
mmm= OFFOAR2-500

104 4

0 25 50 75 100 125 150 175 200 [ 50 100 150 200 250 300 350
epochs iterations

Figure 3 Evolution of the loss function w.r.t. the epochs and sampling behavior along iterations for
specific problems

As shown in Figure 3, OFFAR2-m with large m may require a large number of epochs before achieving
convergence for some problems. From the sampling plots, we see that a long-memory configuration may become
an obstacle when the batch sizes grow too slowly, thereby resulting in a substantial number of iterations (and
hence epochs) before achieving convergence.
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