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Abstract
We present several algorithms aimed at constructing sparse and structured sparse (row-sparse) generalized inverses, with
application to the efficient computation of least-squares solutions, for inconsistent systems of linear equations, in the
setting of multiple right-hand sides and a rank-deficient constraint matrix. Leveraging our earlier formulations to minimize
the 1- and 2,1-norms of generalized inverses that satisfy important properties of the Moore–Penrose pseudoinverse, we
develop efficient and scalable ADMM algorithms to address these norm-minimization problems and to limit the number
of nonzero rows in the solution. We establish a 2,1-norm approximation result for a local-search procedure that was
originally designed for 1-norm minimization, and we compare the ADMM algorithms with the local-search procedure and
with general-purpose optimization solvers.
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1 Introduction

The M-P (Moore–Penrose) pseudoinverse is an important object in numerical linear algebra. It has many uses;
in particular, and relevant to our study, it can be used to compute least-squares solutions in the context of linear
statistical models. Given a real singular-value decomposition A = UΣV T of A, the M-P pseudoinverse of A is
A† := V Σ†U T, where the diagonal matrix Σ† has the shape of the transpose of the diagonal matrix Σ, and is
calculated from Σ by taking reciprocals of the nonzero elements of Σ, and is otherwise 0 (see [12, Section 2.5.3],
for example). The following well-known theorem characterizes the M-P pseudoinverse.

▶ Theorem 1 (see [19, Theorem 1]). For A ∈ Rm×n, the following equations have a unique solution H ∈ Rn×m.

(generalized inverse) AHA = A (P1)
(reflexive) HAH = H (P2)

(ah-symmetric) (AH)T = AH (P3)
(ha-symmetric) (HA)T = HA (P4)

It is easy to check that the M-P pseudoinverse of A, that is A† := V Σ†U T, satisfies these equations, and so it
is the unique solution.

As is common (see [1, Introduction, Section 2]), we say that a generalized inverse of A is any H satisfying (P1),
and a generalized inverse of A is reflexive if it additionally satisfies (P2). Following [24, p. 1723], we say that a
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generalized inverse H of A is ah-symmetric (resp. ha-symmetric) if AH (resp. HA) is symmetric. It is clear that
under the mapping (A, H) → (AT, HT), properties (P1) and (P2) are invariant, while properties (P3) and (P4)
are exchanged; so, although we will concentrate on ah-symmetric reflexive generalized inverses, much of what we
work out directly transfers to the case of ha-symmetric reflexive generalized inverses.

We are interested in least-squares problems min{∥Aθ−b∥2 : θ ∈ Rn}, related to fitting a model of β = αTθ+ϵ,
where ϵ ∼ N (0, σ). We regard α as a vector of n independent variables, and β as the (random) response. We
view the rows of [A, b] as m independent realizations of [αT, β]. We are particularly interested in the situation
where m > n ≫ rank(A). A very well-known solution of the least-squares problem is θ̂ := A†b, which fits the
model β̂ = αTθ̂. This solution has a wonderful property — it quickly gives us the solution for every response
vector b, and moreover, it is linear in b. This all begs the question, are there other matrices H (besides A†) that
also have this attractive property? It is well known that the answer is yes: if H is any ah-symmetric generalized
inverse, then θ̂ := Hb solves min{∥Aθ − b∥2 : θ ∈ Rn} (see [3, Theorem 6.2.4] or [11, Corollary 4.4]). Because a
given matrix A does not typically possess a unique ah-symmetric generalized inverse, there is room to optimize
various criteria.

One important criterion for H is sparsity. Even if a given matrix is sparse, its M-P pseudoinverse can be
completely dense, often leading to a high computational burden in its applications involving many response
vectors b, especially when we are dealing with a large matrix A. A sparse H leads to efficiency in calculating
θ̂ := Hb. We can seek such a matrix H with a minimal number of nonzero elements, by applying the standard
minimization of its (vector) 1-norm ∥H∥1 :=

∑
ij |Hij |, as a surrogate for the nonconvex “0-norm”. Besides

aiming to induce sparsity, minimization of ∥H∥1, or even a different norm, has the important effect of keeping
the elements of H under control, which reduces numerical errors in the calculation of θ̂ := Hb.

We are further interested in structured sparsity for H; specifically, such an H with a limited number of
nonzero rows. In evaluating θ̂ := Hb, potentially for many b, it is easy to do this very efficiently when H has
a limited number of nonzero rows, taking advantage of sparsity without having to use elaborate sparse data
structures. Specifically, if Ĥ := H[S, · ] contains all of the nonzeros of H, then θ̂S = 0, and θ̂S = Ĥb. Moreover,
for such an H, the nonzero rows align with a corresponding limited number of columns (i.e., features) of the
data matrix A, and so θ̂ is sparse, and the linear model β̂ = αTθ̂ is more explainable.

A specific example where we want to evaluate Hb for many right-hand sides b is in an ADMM approach to the
least-absolute-deviations problem min{∥Aθ − b∥1 : θ ∈ Rn}, which aims at a robust fit, under the assumption
that m > n ≫ rank(A); see [2, Section 6.1] (where they assume that A has full column rank; but that assumption
is not needed even in their approach, if they simply replace (ATA)−1AT with A†).

There are different ways to work with the criterion of wanting H to have a limited number of rows, i.e.
“row-sparsity”. For example, (i) we can try to induce it by minimizing an appropriate norm, in this case the
2,1-norm ∥H∥2,1 :=

∑
i ∥Hi·∥2 , or (ii) we can impose this structure and then further seek to (locally) minimize

some other criterion, e.g., the (vector) 1-norm or the 2,1-norm. In both approaches, we gain an important
additional benefit (mentioned above); by keeping some norm of H under control, we can expect to gain some
numerical stability in the calculation of Hb.

With the same level of sparsity, structured sparsity should always be preferred to unstructured sparsity.
Additionally, algorithms aimed at inducing structured (resp., unstructured) sparsity may or may not actually
achieve a high level of structured (resp., unstructured) sparsity. Finally, different algorithms with different (but
related) goals may of course have significantly different running times. Therefore, as we will do in Section 5, we
compare the behavior of different algorithms having different (but related) goals, on all relevant measures.

Another important criterion is the rank of H. While the sparsity or row-sparsity of H can be viewed as a
kind of simplicity for H, such a viewpoint is basis dependent. If we make an invertible linear transformation
of the columns of A, that is A → AT , for an invertible and possibly dense Tn×n , then with an ah-symmetric
generalized inverse H of A, we have θ̂ = T −1Hb. But this matrix T −1H loses the sparsity of H. So we are also
interested in a criterion for simplicity of H that is not basis dependent. The natural such criterion is the rank of
H, which has been employed in many contexts, in tandem with sparsity criteria (such as sparse PCA (see [26]);
sparse Gaussian mixture models (see [15], and the references therein); low-rank/sparsity matrix decomposition
(see [4]); low-rank graphical models (see [17])), to capture a different kind of simplicity/explainability than is
captured by sparsity.

In many contexts, rank minimization is naturally induced by minimizing the nuclear norm (i.e., the 1-norm
of the vector of singular values). But in our context, we have an easier path. It is well known that: (i) if H is
a generalized inverse of A, then rank(H) ≥ rank(A), and (ii) a generalized inverse H of A is reflexive if and
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only if rank(H) = rank(A) (see [21, Theorem 3.14]). So the minimum possible rank for a generalized inverse
of A is rank(A), and we can achieve minimization of rank(H) by simply enforcing (P2), that is, that H be a
reflexive generalized inverse (e.g., A† is a reflexive generalized inverse, so it has minimum rank). Now, it appears
that (P2) is nonlinear in H (i.e., it is a generic system of quadratic equations) typically defining a nonconvex
region, making enforcing it (in the context of exact global optimization) very difficult. But, it is easy to check
and well known that (P2) becomes linear under properties (P1) and (P3). Specifically, (P1) and (P3) imply that
AH = AA†, and so (P2) becomes HAA† = H.

In summary, our overarching goal is to efficiently calculate a sparse or row-sparse reflexive ah-symmetric
generalized inverse H, with a controlled value for some norm, in the setting of m > n ≫ rank(A). We develop
several methods for achieving this goal. We note that because we have two objectives (sparsity and low norm),
there is naturally a trade-off to look at.

Notation. ∥ · ∥p denotes vector p-norm (p ≥ 1), ∥ · ∥0 denotes vector “0-norm”. For matrices, tr( · ) denotes
trace, det( · ) denotes determinant, rank( · ) denotes rank, ∥ · ∥F denotes the Frobenius norm, R( · ) denotes the
column space. A[S, T ] is the submatrix of A having row indices S and column indices T , with S = · (resp.
T = ·) indicating all rows (resp. columns); further, Ai· := A[{i}, · ], A·j := A[ · , {j}], and Aij := A[{i}, {j}]. For
A ∈ Rm×n, ∥A∥p,q := ∥(∥A1·∥p, . . . , ∥Am·∥p)∥q (p, q ≥ 0). ei denotes the i-th standard unit vector. I denotes an
identity matrix (sometimes with a subscript indicating its order). For A ∈ Rm×n, for the compact singular-value
decomposition (compact SVD), we write A = UΣV T, where r := rank(A), Um×r and Vn×r are real orthogonal
matrices, Σr×r is a diagonal matrix, with positive diagonal entries σ1 ≥ σ2 ≥ · · · ≥ σr , known as the singular
values of A. For the (full) singular-value decomposition (SVD), we instead have Um×m , Vn×n , with nonnegative
diagonal entries σ1 ≥ σ2 ≥ · · · ≥ σmin{m,n} . We denote by argmin{·} any solution of the associated minimization
problem.

Literature. For basic information on generalized inverses, we refer to [21, 1, 3]. [7] (and then [5, 6]) introduced
the idea of seeking to induce sparsity in H by linear optimization; specifically, they minimize the (vector) 1-norm
over the set of left inverses (i.e., HA = In) or right inverses (i.e., AH = Im). [5] also considered the idea of
inducing row-sparsity by minimizing the 2,1-norm over the same sets of matrices. Additionally, [5] presents
ADMM algorithms for these minimization problems, using specific projections for the cases where the matrices
are full row- or column-rank. It is important to realize that the left (resp., right) inverse case applies only to full
column (resp., row) rank matrices A. In particular, every left inverse H is a reflexive ha-symmetric generalized
inverse, and so for such an H, θ̂ := Hb solves the least-squares problem (for all b) only when H = A†. In fact,
we are motivated by the case in which A is neither full row rank nor full column rank, and so the left/right
inverse approach does not apply at all in our setting.

In [11], we proposed the idea of finding various types of sparse generalized inverses by imposing combinations
of the M-P properties in the context of straight-forward linear-optimization formulations, minimizing the (vector)
1-norm of H. But we did not propose any practical idea for controlling the rank of solutions. Moreover, the
approaches proposed did not scale well.

In [8], we introduced the idea of imposing a block structure on H, which implicitly enforces (P1) and (P2),
and then carrying out a combinatorial local search, giving an approximation guarantee on (vector) 1-norm
minimization for reflexive generalized inverses. That work does not directly related to our present setting because
it ignores property (P3). Additionally, at the time, the empirical quality (1-norm) of the solutions for that
method on large instances was unknown, because we could not solve the large linear-optimization formulations
that would give us lower bounds.

In [9], we proposed different algorithmic approaches that start from a (vector) 1-norm minimizing ah-
symmetric generalized inverse, and gradually decrease its rank, by iteratively imposing the reflexive property. The
algorithms iterate until the ah-symmetric generalized inverse has the least possible rank producing intermediate
solutions during the iterations, trading off low 1-norm against low rank. The best approach investigated was
a cutting-plane method that solves linear-optimization problems at each iteration, although it is capable of
constructing interesting intermediate solutions (trading off rank and 1-norm), it does not scale well, as the
solution of many dense linear-optimization problems is required. Only square matrices with size 50 and rank 25
were considered in the numerical experiments.

In [24], we significantly extended the work in [8], in particular to approximate (vector) 1-norm minimizing
ah-symmetric reflexive generalized inverses, using a column-block construction, which implicitly enforces (P1),
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(P2), and (P3), and maintains structured row-sparsity during a local search. Comparisons between solutions
of the local-search procedure and the minimal 1-norm of ah-symmetric generalized inverses were presented for
matrices of size up to 120 × 60 and rank 30. It was also mentioned that, within a time limit of two hours, the
solutions of the linear-optimization problems to minimize the 1-norm of generalized and ah-symmetric generalized
inverses were obtained for only one out of five given matrices of size 200 × 100 and rank 50. The results indicated
that, in practice, the solutions of the linear-optimization problems were not easy for large matrices. [23] is a
companion work that in particular analyzes the motivating cases for which rank(A) ∈ {1, 2}; while the case of
rank one is trivial, the complexity of the case of rank two reveals that there is no simple solution in general.

In [10], we carried out a detailed computational study of local-search procedures based on the results
of [8] and [24]. An experimental analysis of the procedures was performed, but comparisons between the local
search solutions and the minimum 1-norm of generalized and ah-symmetric generalized inverses were only
presented for square matrices of size up to 100 and rank 50, again because of the intractability of the large dense
linear-optimization problems.

In [20], in addition to considering 1-norm minimization with linear optimization to induce (unstructured)
sparsity of generalized inverses, which was first advanced by [11], we also considered 2,1-norm minimization with
second-order-cone optimization to induce row-sparsity. Furthermore, [20] showed how to make the ideas of linear
and second-order-cone optimization much more efficient/scalable. A key idea exploited in [20] is as follows. Let
A ∈ Rm×n with rank r and A =: UΣV T be the (full) SVD of A, where U ∈ Rm×m, V ∈ Rn×n are orthogonal
matrices (U TU = Im, V TV = In), and Σ ∈ Rm×n with

Σ =:

 D
r×r

0
r×(n−r)

0
(m−r)×r

0
(m−r)×(n−r)

 ,

with D being a diagonal matrix with rank r. Let H ∈ Rn×m and Γ := V THU , where

Γ =:

 X
r×r

Y
r×(m−r)

Z
(n−r)×r

W
(n−r)×(m−r)

 ,

then H = InHIm = (V V T)H(UU T) = V ΓU T.

▶ Lemma 2 (see [1], p. 208, Ex. 14 (no proof); see [20, Lemmas 2-5] (with proof)).
(P1) is equivalent to X = D−1.
If (P1) is satisfied, then (P2) is equivalent to ZDY = W .
If (P1) is satisfied, then (P3) is equivalent to Y = 0.
If (P1) is satisfied, then (P4) is equivalent to Z = 0.

So, for the purpose of enforcing any subset of the M-P properties on a generalized inverse H, except the case
of (P2) alone, we simply set appropriate blocks of Γ to zeros.

Consider the following natural convex-optimization problems, aimed at inducing sparsity and row-sparsity
for ah-symmetric reflexive generalized inverses, respectively.

min
H∈Rn×m

{∥H∥1 : (P1), (P2), (P3)} (P 1
123)

and

min
H∈Rn×m

{∥H∥2,1 : (P1)} . (P 2,1
1 )

It is important to note that due to [20, Corollary 9], optimal solutions of (P 2,1
1 ) automatically satisfy (P2)

and (P3) (i.e., they are reflexive and ah-symmetric), which we exploit in establishing Theorem 3 below.
Let

V :=
[

V1
n×r

V2
n×(n−r)

]
, U :=

[
U1

m×r

U2
m×(m−r)

]
.

We remark that U1 and V2 are full column rank matrices and U T
1 U1 = I and V T

2 V2 = I, then U†
1 = (U T

1 U1)−1U T
1 =

U T
1 and V †

2 = (V T
2 V2)−1V T

2 = V T
2 .

From Lemma 2, we can deduce the following result.
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▶ Theorem 3 ([20, Section 5]). (P 1
123) and (P 2,1

1 ), respectively, can be efficiently reformulated as

z(P1
123) := min

Z∈R(n−r)×r

∥∥V1D−1U T
1 + V2ZU T

1
∥∥

1 , (P1
123)

z(P2,1
1 ) := min

Z∈R(n−r)×r

∥∥V1D−1 + V2Z
∥∥

2,1 . (P2,1
1 )

The more compact formulations presented in Theorem 3 were exploited in the numerical experiments
performed in [20] to increase the size of matrices for which the solutions of (P 1

123) and (P 2,1
1 ) were known. Within

a time limit of 5 hours, the solutions of (P1
123) and (P2,1

1 ) were obtained for instances with (m, n, r) equal to
(280, 140, 60) and (2000, 1000, 500), respectively. These results allowed us to finally evaluate the empirical quality
of the proposed local-search solutions on larger instances.

Concerning the contribution of our present work, we take a further step in efficiently obtaining solutions
to (P 1

123) and (P 2,1
1 ). We leverage Theorem 3 once again and develop very efficient/scalable ADMM (Alternating

Direction Method of Multipliers) algorithms to solve them. Furthermore, we develop two ADMM algorithms
aiming at imposing structured sparsity by limiting the number of nonzero rows for an ah-symmetric reflexive
generalized inverse. For the first, we do not consider the minimization of a norm of the nonzero submatrix of H,
leading to a fast ADMM algorithm that can take advantage of the efficient solutions presented in the literature
for the subproblems solved. For the second, we minimize the 2,1-norm of H, in addition to limiting its number
of nonzero rows. We provide a closed-form solution for the nonconvex subproblem solved, deriving an efficient
ADMM algorithm for this problem as well. Although there is no guarantee of the convergence of these two
ADMMs to solutions of the nonconvex problems addressed, we demonstrate their efficacy through our numerical
results. We show that: (i) our ADMM approaches are much more scalable than direct methods aimed at (P1

123)
and (P2,1

1 ) (using general-purpose software like Gurobi and MOSEK), and (ii) our ADMM methods provide a
good complement to our local-search methods. They not only provide a means to better evaluate the solutions
computed with the local-search methods, but can in fact construct solutions of comparable quality with respect
to sparsity and row-sparsity in less time. Finally, we also demonstrate in this work that the efficient minimum
(vector) 1-norm r-approximating local search of [24], for an ah-symmetric generalized inverse, in fact gives a
factor-r approximation for 2,1-norm minimization as well, which aims directly at inducing row sparsity.

Organization. In Section 2, we develop the ADMM algorithms aimed at inducing unstructured and structured
sparsity in our setting. In Section 3, we give an approximation guarantee on 2,1-norm minimization for ah-
symmetric generalized inverses, for the minimum (vector) 1-norm r-approximating local search of [24]. For very
low r, we do not need to settle for approximation, and so we make a detailed analysis of the cases of rank one and
two in Appendix A. In Section 4, we develop the two ADMM algorithms aiming at imposing structured sparsity
by limiting the number of nonzero rows for an ah-symmetric reflexive generalized inverse. In Section 5, we present
the results of computational experiments, demonstrating the favorable performance of our new methods. In
Section 6, we indicate some next steps for this line of research.

2 Inducing sparsity and row sparsity with ADMM

It is natural to consider specialized algorithms for attacking problems like (P 1
123) and (P 2,1

1 ), seeking fast
convergence to near optima. It is even more enticing to seek such methods for their compact forms, (P1

123)
and (P2,1

1 ). In these compact forms, we have unconstrained minimization problems in a single variable. Motivated
by for example [2, Section 6.1], we can introduce a second variable and linear linking constraints to seek to
develop efficient ADMM algorithms.

2.1 ADMM for 1-norm minimization
We seek to develop an ADMM algorithm for (P1

123) . Initially, by introducing a variable E ∈ Rn×m, we
rewrite (P1

123) as

min
{

∥E∥1 : E = V1D−1U T
1 + V2ZU T

1
}

. (1)

The augmented Lagrangian function associated to (1) is

Lρ(Z, E, Λ) := ∥E∥1 + ⟨Θ, V1D−1U T
1 + V2ZU T

1 − E⟩ + ρ

2
∥∥V1D−1U T

1 + V2ZU T
1 − E

∥∥2
F

= ∥E∥1 + ρ

2
∥∥V1D−1U T

1 + V2ZU T
1 − E + Λ

∥∥2
F

− ρ

2 ∥Λ∥2
F ,
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where ρ > 0 is the penalty parameter, Θ ∈ Rn×m is the Lagrangian multiplier, and Λ is the scaled Lagrangian
multiplier, that is Λ := Θ/ρ. We will apply the ADMM method to (P1

123) , by iteratively solving, for k = 0, 1, . . . ,

Zk+1 := argmin
Z

Lρ(Z, Ek, Λk), (2)

Ek+1 := argmin
E

Lρ(Zk+1, E, Λk), (3)

Λk+1 := Λk + V1D−1U T
1 + V2Zk+1U T

1 − Ek+1.

Next, we detail how to solve the subproblems above.

Update Z. To update Z, we consider subproblem (2), more specifically,

Zk+1 := argmin
Z

{∥J − V2ZU T
1 ∥2

F }, (4)

where J := Ek − V1D−1U T
1 − Λk. We can easily verify that the solution of (4) is given by Zk+1 = V T

2 JU1 .

Update E. To update E, we consider subproblem (3), more specifically,

Ek+1 := argmin
E

{∥E∥1 + ρ

2 ∥E − Y ∥2
F }, (5)

where Y := V1D−1U T
1 + V2Zk+1U T

1 + Λk.

▶ Proposition 4 (see [2, Section 4.4.3]). The solution of (5) is given by Ek+1
ij = S1/ρ(Yij), for i = 1, . . . , n and

j = 1, . . . , m, where the soft thresholding operator S is defined as

Sκ(a) :=


a − κ, a > κ;
0, |a| ≤ κ;
a + κ, a < −κ.

Initialization of the variables. We need to initialize Λ and E. First, we set Λ0 := Θ̂/ρ, where Θ̂ := 1
∥V1UT

1 ∥∞
V1U T

1 .
Our goal was to select the Lagrangian multiplier Θ̂ as an easily computable feasible solution to the dual problem
of (1), given by

max
Θ

{tr(D−1V T
1 ΘU1) : V T

2 ΘU1 = 0, ∥Θ∥∞ ≤ 1}.

Due to the orthogonality of V , we can easily verify the feasibility of Θ̂. Furthermore, it gives a positive objective
value and has maximum infinity norm; in contrast to the zero matrix which is also feasible.

Then, from Lemma 2, we note that the ah-symmetric reflexive generalized inverses of A can be written
as V1D−1U T

1 + V2ZU T
1 , and the M-P pseudoinverse A† can be written as V1D−1U T

1 . We recall that A† is the
generalized inverse of A with minimum Frobenius norm. Then, aiming to obtain Z1 = 0 when solving (4) in
the first iteration of the algorithm, and consequently starting the algorithm with a Frobenius norm minimizing
ah-symmetric reflexive generalized inverse, we set E0 := V1D−1U T

1 + Λ0.

Stopping criterion. We consider a stopping criterion from [2, Section 3.3.1], and select an absolute tolerance
ϵabs and a relative tolerance ϵrel. The algorithm stops at iteration k if

∥rk∥F ≤ ϵabs√nm + ϵrel max
{

∥Ek∥F , ∥V2ZkU T
1 ∥F , ∥V1D−1U T

1 ∥F

}
, (6)

∥sk∥F ≤ ϵabs
√

(n − r)r + ϵrelρ∥V T
2 ΛkU1∥F , (7)

where rk := V1D−1U T
1 + V2ZkU T

1 − Ek is the primal residual, and sk := ρV T
2 (Ek − Ek−1)U1 is the dual residual.

In Algorithm 1, we present the ADMM algorithm for (P1
123) . We observe that in steps 7 to 9, the elements

of Ek+1 can be computed in parallel.
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Input: A ∈ Rm×n, Λ0 ∈ Rn×m, E0 ∈ Rn×m, ρ > 0.
Output: H ∈ Rn×m.

1 U, Σ, V := svd(A), k := 0;
2 Get U1, V1, V2, D−1 from U, Σ, V ;
3 while not converged do
4 J := Ek − V1D−1U T

1 − Λk;
5 Zk+1 := V T

2 JU1;
6 Y := V1D−1U T

1 + V2Zk+1U T
1 + Λk;

7 for i = 1, . . . , n do
8 for j = 1, . . . , m do
9 Ek+1

ij := S1/ρ(Yij); (see Proposition 4);

10 Λk+1 := Λk + V1D−1U T
1 + V2Zk+1U T

1 − Ek+1;
11 k := k + 1;
12 H := V1D−1U T

1 + V2ZkU T
1 ;

Algorithm 1: ADMM for (P1
123) (ADMM1)

2.2 ADMM for 2,1-norm minimization
Next, we apply ADMM for solving (P2,1

1 ). Initially, by introducing a variable E ∈ Rn×r, we rewrite (P2,1
1 ) as

min
{

∥E∥2,1 : E = V1D−1 + V2Z
}

. (8)

▶ Remark 5. In Theorem 3, we use the orthogonality of U1 to replace ∥V1D−1U T
1 + V2ZU T

1 ∥2,1 with ∥V1D−1 +
V2Z∥2,1 in the objective function of (P2,1

1 ). This leads to a very helpful reduction in the dimension of the variable
E in the ADMM algorithm presented in this section, compared to what we presented in the previous section.

The augmented Lagrangian function associated to (8) is

Lρ(Z, E, Λ) := ∥E∥2,1 + ρ

2
∥∥V1D−1 + V2Z − E + Λ

∥∥2
F

− ρ

2 ∥Λ∥2
F ,

where ρ > 0 is the penalty parameter and Λ ∈ Rn×r is the scaled Lagrangian multiplier. We will apply the
ADMM method to (P2,1

1 ), by iteratively solving, for k = 0, 1, . . . ,

Zk+1 := argmin
Z

Lρ(Z, Ek, Λk), (9)

Ek+1 := argmin
E

Lρ(Zk+1, E, Λk), (10)

Λk+1 := Λk + V1D−1 + V2Zk+1 − Ek+1 .

Next, we detail how to solve the subproblems above.

Update of Z. To update Z, we consider subproblem (9), that is

Zk+1 := argmin
Z

∥J − V2Z∥2
F , (11)

where J := Ek − V1D−1 − Λk. Similarly to (4), we can verify that Zk+1 = V T
2 J is an optimal solution to (11).

Update of E. To update E, we consider subproblem (10), that is

Ek+1 := argmin
E

{∥E∥2,1 + ρ

2 ∥E − Y ∥2
F }, (12)

where Y := V1D−1 + V2Zk+1 + Λk .

▶ Proposition 6 (see [25, Proposition 1]). The solution of (12) is given by

Ek+1
i· :=

{
∥Yi·∥2−1/ρ

∥Yi·∥2
Yi· , if 1/ρ < ∥Yi·∥2 ;

0, otherwise.
(13)
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Initialization of the variables. To initialize the variables, we apply the same ideas discussed in Section 2.1.
Considering now the dual problem of (8),

max
Θ

{tr(D−1V T
1 Θ) : V T

2 Θ = 0, ∥Θi·∥2 ≤ 1, i = 1, . . . , n},

we set Θ̂ := V1/κ, where κ := maxi=1,...,n ∥V1[i, · ]∥2 , Λ0 := Θ̂/ρ , and E0 := V1D−1 + Λ0.

Stopping criterion. We adopt the same stopping criterion described in Section 2.1. With the primal and dual
residuals at iteration k given respectively by rk := V1D−1 + V2Zk − Ek and sk := ρV T

2 (Ek − Ek−1) , the criterion
becomes

∥rk∥F ≤ ϵabs√nr + ϵrel max
{

∥Ek∥F , ∥V2Zk∥F , ∥V1D−1∥F

}
, (14)

∥sk∥F ≤ ϵabs
√

(n − r)r + ϵrelρ∥V T
2 Λk∥F . (15)

In Algorithm 2, we present the ADMM algorithm for (P2,1
1 ) .

Input: A ∈ Rm×n, Λ0 ∈ Rn×r, E0 ∈ Rn×r, ρ > 0.
Output: H ∈ Rn×m.

1 U, Σ, V := svd(A), k := 0;
2 Get U1, V1, V2, D−1 from U, Σ, V ;
3 while not converged do
4 J := Ek − V1D−1 − Λk;
5 Zk+1 := V T

2 J ;
6 Y := V1D−1 + V2Zk+1 + Λk;
7 for i = 1, . . . , n do
8 if ∥Yi·∥2 > 1/ρ then Ek+1

i· := ∥Yi·∥2−1/ρ
∥Yi·∥2

Yi· ; (see Proposition 6);
9 else Ek+1

i· := 0;
10 Λk+1 := Λk + V1D−1 + V2Zk+1 − Ek+1;
11 k := k + 1;
12 H := V1D−1U T

1 + V2ZkU T
1 ;

Algorithm 2: ADMM for (P2,1
1 ) (ADMM2,1)

3 Imposing row sparsity with column-block solutions and local search

[24, Section 3] developed a local-search based approximation algorithm to efficiently calculate an approximate
(vector) 1-norm minimizing ah-symmetric generalized inverse with r := rank(A) nonzero rows. It is very natural
to investigate how well this approximation algorithm does for other norms, in particular the 2,1-norm, which we
emphasize in our present work. Here we show that the same matrix calculated by this approximation algorithm is
also a good approximate 2,1-norm minimizing ah-symmetric generalized inverse. We note that our approximation
factor for the 2,1-norm is much better than what would be obtained by simply applying norm inequalities to the
result for the 1-norm (see Remark 12). Our local search works with “column-block solutions”, as presented in
the following result.

▶ Theorem 7 ([24, Theorem 3.3]). For A ∈ Rm×n, let r := rank(A). For any T , an ordered subset of r elements
from {1, . . . , n}, let Â := A[ · , T ] be the m × r submatrix of A formed by columns T . If rank(Â) = r, let
Ĥ := Â† = (ÂTÂ)−1ÂT. Then the n × m matrix H with all rows equal to zero, except rows T , which are given by
Ĥ, is an ah-symmetric reflexive generalized inverse of A.

In Appendix A, we consider the cases in which rank(A) ∈ {1, 2}. As was done for the 1-norm in [23], we
use the result in Theorem 7 to address the exact 2,1-norm minimization of ah-symmetric reflexive generalized
inverses for these simpler cases. After observing the difficulty of the exact minimization already for rank 2, we
consider an approximation algorithm for general matrices of constant rank r, as discussed next.

▶ Definition 8 ([24, Definition 3.5]). For A ∈ Rm×n, let r := rank(A), and S be an ordered subset of r elements
from {1, . . . , m} such that A[S, · ] has linearly independent rows. For T an ordered subset of r elements from
{1, . . . , n}, and fixed ϵ ≥ 0, if |det(A[S, T ])| cannot be increased by a factor of more than 1 + ϵ by swapping an
element of T with one from its complement, we say that A[S, T ] is a (1 + ϵ)-local maximizer for the absolute
determinant on the set of r × r nonsingular submatrices of A[S, · ].
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▶ Remark 9. [24, Theorem 3.9] showed that a local optimum satisfying Definition 8 can be calculated in
polynomial time (when A is rational), for any fixed ϵ > 0.

▶ Theorem 10 ([24, Theorem 3.7]). For A ∈ Rm×n, let r := rank(A), and let S be an ordered subset of r

elements from {1, . . . , m} such that A[S, · ] has linearly independent rows. Choose ϵ ≥ 0, and let Ã := A[S, T ] be
a (1 + ϵ)-local maximizer for the absolute determinant on the set of r × r nonsingular submatrices of A[S, · ].
Then the n × m matrix H constructed by Theorem 7 over Â := A[ · , T ], is an ah-symmetric reflexive generalized
inverse of A satisfying ∥H∥1 ≤ r(1 + ϵ)∥H1

opt∥1 , where H1
opt is a (vector) 1-norm minimizing ah-symmetric

reflexive generalized inverse of A.

Next, we will show that the constructed H of Theorem 10 has 2,1-norm within a factor of r of the 2,1-norm
minimizing solution as well.

▶ Theorem 11. For A ∈ Rm×n, let r := rank(A), and let S be an ordered subset of r elements from {1, . . . , m}
such that A[S, · ] has linearly independent rows. Choose ϵ ≥ 0, and let Ã := A[S, T ] be a (1 + ϵ)-local maximizer
for the absolute determinant on the set of r × r nonsingular submatrices of A[S, · ]. Then the n × m matrix H

constructed by Theorem 7 over Â := A[ · , T ], is an ah-symmetric reflexive generalized inverse of A satisfying
∥H∥2,1 ≤ r(1 + ϵ)∥H2,1

opt∥2,1 , where H2,1
opt is a 2,1-norm minimizing ah-symmetric reflexive generalized inverse

of A.

We note that H2,1
opt defined in Theorem 11 is also a 2,1-norm minimizing generalized inverse of A because as

stated in Section 1, optimal solutions of (P 2,1
1 ) automatically satisfy (P2) and (P3) (i.e., they are reflexive and

ah-symmetric).

▶ Remark 12. Theorem 11 is stronger than the direct consequence of Theorem 10 that can be obtained via norm
inequalities. Specifically, for x ∈ Rm, we have ∥x∥2 ≤ ∥x∥1 ≤

√
m∥x∥2 [12, Eq. 2.2.5]. Then, for H ∈ Rn×m,

we have ∥H∥2,1 =
∑n

i=1 ∥Hi·∥2 ≤
∑n

i=1 ∥Hi·∥1 = ∥H∥1, and ∥H∥1 =
∑n

i=1 ∥Hi·∥1 ≤
√

m
∑n

i=1 ∥Hi·∥2 =√
m∥H∥2,1 . Then, for H ∈ Rn×m constructed as in Theorem 10 we have ∥H∥2,1 ≤ ∥H∥1 ≤ r(1 + ϵ)∥H1

opt∥1 ≤
r(1 + ϵ)∥H2,1

opt∥1 ≤ r
√

m(1 + ϵ)∥H2,1
opt∥2,1 . That dependence on m is concerning, in the context of least-squares

applications, where m can be huge.

To prove Theorem 11, we will work with the convex-optimization formulation for a 2,1-norm minimizing
generalized inverse,

min {∥H∥2,1 : AHA = A} , (P 2,1
1 )

and its dual

max {tr(ATW ) : ∥(ATWAT)i·∥2 ≤ 1, i = 1, . . . , n} . (D2,1
1 )

Next, we present some technical results that will be used to prove our main result.

▶ Lemma 13. Let T be an ordered subset of r elements from {1, . . . , n} and Â := A[ · , T ] be the m × r submatrix
of an m × n matrix A formed by columns T , and rank(Â) = r. There exists an r × r matrix E with ∥Ei·Â

T∥2 = 1
and Eii = ∥Â†

i·∥2 for i ∈ {1, . . . , r}.

Proof. Suppose that Â = UΣV T is the compact singular value decomposition of Â, where U ∈ Rm×r, Σ, V ∈ Rr×r,
and Σ is diagonal. Let V̂ = Σ−1V T = [z1, . . . , zr] (Σ−1V Tei = zi), and Eij = zT

i zj

∥zi∥2
(E = MV̂ TV̂ = MV Σ−2V T,

where M is a diagonal matrix with Mii = 1
∥zi∥2

). We know that Â† = V Σ−1U T. Then Eii = zT
i zi

∥zi∥2
= ∥zi∥2 =

∥Σ−1V Tei∥2 = ∥UΣ−1V Tei∥2 = ∥Â†
i·∥2 , where the second last equality follows from orthogonality of U . Also,

as ÂT = V ΣU T, we have Ei·Â
T = 1

∥zi∥2
eT

i V Σ−2V TV ΣU T = 1
∥zi∥2

eT
i V Σ−1U T = 1

∥zi∥2
Â†

i·. Because ∥zi∥2 = ∥Â†
i·∥2 ,

we have ∥Ei·Â
T∥2 = 1. ◀

▶ Lemma 14. Let T be an ordered subset of r elements from {1, . . . , n} and Â := A[ · , T ] be the m × r submatrix
of an m × n matrix A formed by columns T , and rank(Â) = r. Let E be an r × r matrix such that ∥Ei·Â

T∥2 = 1
and Eii = ∥Â†

i·∥2 , for i ∈ {1, . . . , r} (which exists by Lemma 13). There exists an m × n matrix W such that
ÂTWAT = EÂT and tr(ATW ) = ∥Â†∥2,1 .

Proof. Let S be an ordered subset of r elements from {1, . . . , m} such that Ã := Â[S, · ] is a nonsingular r × r

submatrix of Â formed by rows S. Let Ŵ be an r × r matrix and W be an m × n matrix with all elements equal
to zero, except the ones in rows S and columns T which are given by the respective elements in Ŵ . Choose
Ŵ := Ã−TE, then we have ÂTWAT = ÃTŴ ÂT = EÂT and tr(ATW ) = tr(ÃTŴ ) = tr(E) = ∥Â†∥2,1 . ◀
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We now proceed to prove Theorem 11.

Proof. We will construct a dual-feasible solution with objective value 1
r(1+ϵ) ∥H∥2,1 . By weak duality, we will

then have 1
r(1+ϵ) ∥H∥2,1 ≤ ∥Hopt∥2,1 .

By Lemma 14, we can always choose W such that ÂTWAT = EÂT and tr(ATW ) = tr(E) = ∥Â†∥2,1 = ∥H∥2,1 ,

where E is any given r × r matrix such that ∥Ei·Â
T∥2 = 1 and Eii = ∥Â†

i·∥2 , for i ∈ {1, . . . , r}.
So it is sufficient to demonstrate that ∥(ATWAT)i·∥2 ≤ r(1+ϵ) for i = 1, . . . , n (then 1

r(1+ϵ) W is dual feasible),

and tr
(

AT
(

1
r(1+ϵ) W

))
= 1

r(1+ϵ) ∥H∥2,1 .

First, it is clear that ∥(ÂTWAT)i·∥2 = ∥Ei·Â
T∥2 = 1 ≤ r(1 + ϵ), for i ∈ T . Now, consider any column b̂ of

A[ · , N \ T ]. Because rank(Â) = r, we have that b̂ = Âβ, for some β ∈ Rr, which implies that b̃ = Ãβ, where
b̃ := b̂[S]. By Cramer’s rule, where Ãi(̃b) is Ã with column i replaced by b̃, we have |βi| = |det(Ãi(b̃))|

|det(Ã)| ≤ 1 + ϵ,

because Ã is a (1 + ϵ)-local maximizer for the absolute determinant of A[S, · ]. Therefore

∥b̂TWAT∥2 = ∥βTÂTWAT∥2 = ∥βTEÂT∥2 = ∥
r∑

i=1
βi · Ei·Â

T∥2

≤
r∑

i=1
∥βi · Ei·Â

T∥2 =
r∑

i=1
|βi| · ∥Ei·Â

T∥2 ≤ r(1 + ϵ),

where the first inequality comes from the triangle inequality. ◀

▶ Remark 15. We wish to emphasize that even though the local search of Definition 8 does not directly consider
either the (vector) 1-norm or the 2,1-norm in its operation, Theorems 10 and 11 still provide approximation
guarantees for both. Furthermore, we showed in [24, Example A.1(3)], that the approximation ratio established
in Theorem 10 is essentially the best possible for the 1-norm. Using the same example, we can also show that
the approximation ratio established in Theorem 11 for the 2,1-norm is also essentially best possible.

As emphasized in Remark 15, although our goal is to minimize the 2,1-norm over ah-symmetric reflexive
generalized inverses, the local-search procedure presented above uses instead, the absolute determinant of r × r

nonsingular submatrices of A as a criterion for improving the constructed solution. The advantage of the criterion
used is twofold: it leads to the approximation result shown in Theorem 11 and to a very efficient implementation
based on rank-1 update of the determinant.

Nevertheless, a natural further investigation concerns how the results compare to the solution obtained
by the local search modified to use as a criterion for improving the solution, the actual 2,1-norm of H. More
specifically, the criterion for improving the column-block solution H constructed by Theorem 7, is modified to be
the decrease in its 2,1-norm, or equivalently, the decrease in the 2,1-norm of the M-P pseudoinverse of the m × r

full column-rank submatrix of A being considered. To evaluate how much the 2,1-norm of the M-P pseudoinverse
of the submatrix changes when each column of A[ · , T ] is replaced by a given column γ of A[ · , N \ T ], we use
the next result.

▶ Proposition 16. Let A := (a1, . . . , aj , . . . , ar) ∈ Rm×r with rank(A) = r and γ ∈ R(A). Let A be the
matrix obtained by replacing the jth column of A by γ, and v = (v1, . . . , vj , . . . , vr)T := A†γ. If vj ̸= 0, let
v := 1

vj
(−v1, . . . , −vj−1, 1, −vj+1, . . . , −vr)T. Then

∥A
†∥2,1 = |vj | · ∥A†

j·∥2 +
r∑

i=1
i̸=j

(
∥A†

i·∥
2
2 + 2viA

†
i·(A

†
j·)

T + v2
i ∥A†

j·∥
2
2

)1/2
.

Proof. Because γ ∈ R(A), we have Av = AA†γ = γ. Then, A = AΘ, where Θ := (e1, . . . , ej−1, v, ej+1, . . . , er)
is non-singular, and we can verify that rank(A) = rank(A) = r and that

AA
† = A(AT

A)−1A
T = AΘ(ΘTATAΘ)−1ΘTAT = A(ATA)−1AT = AA†.

Then, we have

AA
† = AΘA

† ⇒ AA† = AΘA
† ⇒ A†AA† = A†AΘA

† ⇒ A† = ΘA
†
,

where the last implication holds because A has full column rank.



Gabriel Ponte, Marcia Fampa, Jon Lee & Luze Xu 11

Then, A
† = Θ−1A†, with Θ−1 = (e1, . . . , ej−1, v, ej+1, . . . , er), or equivalently, A

†
i· = A†

i· + viA
†
j· , for i ̸= j,

and A
†
j· = vjA†

j· . So, we finally have

∥A
†
i·∥2 =

(
(A†

i· + viA
†
j·)(A

†
i· + viA

†
j·)

T
)1/2

=
(

∥A†
i·∥

2
2 + 2viA

†
i·(A

†
j·)

T + v2
i ∥A†

j·∥
2
2

)1/2
,

for i ̸= j, and ∥A
†
j·∥2 = |vj | · ∥A†

j·∥2 . The result follows. ◀

▶ Remark 17. Computing A†
i·(A

†
j·)T for a given j and all i ∈ {1, . . . , r} to update the 2,1-norm of the M-P

pseudoinverse, as described in Proposition 16, at every iteration of our local-search procedure, is still quite time
consuming. To address this, we note that A

†
i· = A†

i· + viA
†
j· , for i ̸= j, and A

†
j· = vjA†

j· . Therefore, defining
W := A†(A†)T we note that it is possible to compute A

†(A†)T by the following.

(
A

†(A†)T
)

iℓ
=


Wiℓ + vivℓ∥A†

j·∥2
2 + Wijvℓ + Wjℓvi , i ̸= j, ℓ ̸= j;

vj

(
Wiℓ + ∥A†

j·∥2
2vi

)
, i ̸= j, ℓ = j;

v2
j∥A†

j·∥2
2, i = j, ℓ = j.

The update above drastically improves upon computing the A†
i·(A

†
j·)T from scratch.

4 Targeting row sparsity with ADMM

It is a common approach to induce row-sparsity for a matrix by minimizing its 2,1-norm, in order to take
advantage of the convexity of the problem addressed (see [25, 16, 18, 13] and [2, Section 6.4.2], for example).
However, we can observe from our numerical experiments, that the ah-symmetric reflexive generalized inverse
of a given matrix A ∈ Rm×n, obtained with this approach, has in general significantly more nonzero rows
than the solution of the local-search procedure described in Section 3, for which the number of nonzero rows,
or equivalently, the 2,0-norm, is r := rank(A), the least possible number. On the other side, we observe that
the solution obtained by the local search has in general much larger 2,1-norm than a 2,1-norm minimizing
generalized inverse. Aiming at matrices with both nice features of having small 2,1- and 2,0-norms, we now
seek an ah-symmetric reflexive generalized inverse with 2,1-norm smaller than the local-search solution and
2,0-norm smaller than the 2,1-norm minimizing solution. Inspired by ideas in [14], we will present ADMM
algorithms to compute an ah-symmetric reflexive generalized inverses for A, with the 2,0-norm limited to
γ := ωr + (1 − ω)∥H2,1

opt∥2,0 , where 0 < ω < 1, and H2,1
opt an optimal solution of (P2,1

1 ). More specifically, we
will present ADMM algorithms for nonconvex problems of obtaining a solution Z of ∥V1D−1 + V2Z∥2,0 ≤ γ.
Initially, aiming at a more efficient application of the ADMM method, we do not consider the minimization of
the 2,1-norm, so the problem addressed is a nonconvex feasibility problem. Then, we investigate the impact on
the solutions by minimizing the 2,1-norm subject to the same nonconvex feasible set. Our goal is to compare
through numerical experiments, the solutions obtained by the ADMM algorithms proposed next, with each other
and also to the local-search solutions and the solutions of (P2,1

1 ).
We wish to note that the ADMM approach that we develop, for handling an inequality-constrained mini-

mization problem in one variable by introducing a second variable, an indicator function on the second variable,
and linear linking constraints is a known scheme (at a high level); see [2, introductory passages of Section 5, and
Sections 5.2, 6.2 and 9.1], for example.

4.1 ADMM for limited 2,0-norm
By introducing a variable E ∈ Rn×r, we reformulate the feasibility problem of obtaining a solution Z of
∥V1D−1 + V2Z∥2,0 ≤ γ as

min{IM(E) : E = V1D−1 + V2Z}, (16)

where the indicator function IM( · ) is defined by

IM(X) :=
{

0, X ∈ M;
+∞, X /∈ M.
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for the set M := {X ∈ Rn×r : ∥X∥2,0 ≤ γ}.
The augmented Lagrangian function associated to (16) is

Lρ(Z, E, Λ) := IM(E) + ρ

2
∥∥V1D−1 + V2Z − E + Λ

∥∥2
F

− ρ

2 ∥Λ∥2
F ,

where ρ > 0 is the penalty parameter and Λ ∈ Rn×r is the scaled Lagrangian multiplier. We will apply the
ADMM method to (16), by iteratively solving, for k = 0, 1, . . . ,

Zk+1 := argmin
Z

Lρ(Z, Ek, Λk), (17)

Ek+1 := argmin
E

Lρ(Zk+1, E, Λk), (18)

Λk+1 := Λk + V1D−1 + V2Zk+1 − Ek+1.

Subproblem (17) is exactly the same as (9). Next, we detail how to solve (18).

Update of E.

Ek+1 := argmin
E

{IM(E) + ρ

2 ∥E − Y ∥2
F },

where Y := V1D−1 + V2Zk+1 + Λk. Although M is a nonconvex set, the exact solution for the above subproblem
can be efficiently computed (see [2, Section 9.1]). It is given by the projection of Y onto M, which we will denote
in the following by ΠM(Y ). ΠM(Y ) keeps the rows of Y with the γ largest 2-norms and zeros out the other rows.

Initialization. To initialize the variables, we follow the approach described in Section 2.1 and Section 2.2. But
because of the nonconvexity of (16), instead of considering its dual problem to initialize Λ, we simply set Λ0 := 0.
As in Section 2.2, we set E0 := V1D−1 + Λ0.

Stopping criteria Considering the nonconvexity of our feasibility problem, formulated as (16), we stop the
ADMM when a feasible solution is found, i.e., when ∥V1D−1 + V2Zk∥2,0 ≤ γ, (or when the time limit is reached).

Pseudocode. In Algorithm 3, we present the ADMM algorithm for (16) .

Input: A ∈ Rm×n, Λ0 ∈ Rn×r, E0 ∈ Rn×r, 0 < ω < 1, r := rank(A), ∥H2,1
opt∥2,0 .

Output: H ∈ Rn×m.
1 U, Σ, V := svd(A), k := 0;
2 Get U1, V1, V2, D−1 from U, Σ, V ;
3 M := {X ∈ Rn×r : ∥X∥2,0 ≤ ωr + (1 − ω)∥H2,1

opt∥2,0};
4 while not converged do
5 J := Ek − V1D−1 − Λk;
6 Zk+1 := V T

2 J ;
7 Y := V1D−1 + V2Zk+1 + Λk;
8 Ek+1 := ΠM(Y );
9 Λk+1 := Λk + V1D−1 + V2Zk+1 − Ek+1;

10 k := k + 1;
11 H := V1D−1U T

1 + V2ZkU T
1 ;

Algorithm 3: ADMM for (16) (ADMM2,0)

4.2 ADMM for 2,1-norm minimization subject to limited 2,0-norm
Next, we introduce variable E ∈ Rn×r in (P2,1

1 ) and restrict it to solutions with 2,0-norm limited to γ ,
reformulating it as

min
E,Z

{
∥E∥2,1 : E = V1D−1 + V2Z, ∥E∥2,0 ≤ γ

}
. (19)

Then, we reformulate (19) as

min
E,Z

{
∥E∥2,1 + IM(E) : E = V1D−1 + V2Z

}
. (20)
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The augmented Lagrangian function associated to (20) is

Lρ(Z, E, Λ) := ∥E∥2,1 + IM(E) + ρ

2
∥∥V1D−1 + V2Z − E + Λ

∥∥2
F

− ρ

2 ∥Λ∥2
F ,

where ρ > 0 is the penalty parameter and Λ ∈ Rn×r is the scaled Lagrangian multiplier. We will apply the
ADMM method to (20), by iteratively solving, for k = 0, 1, . . . ,

Zk+1 := argmin
Z

Lρ(Z, Ek, Λk), (21)

Ek+1 := argmin
E

Lρ(Zk+1, E, Λk), (22)

Λk+1 := Λk + V1D−1 + V2Zk+1 − Ek+1.

Subproblem (21) is exactly the same as (9). Next, we detail how to solve (22).

Update of E. To update E, we consider subproblem (22), that is

Ek+1 := argmin
E∈Rn×r

{
∥E∥2,1 + IM(E) + ρ

2
∥∥V1D−1 + V2Zk+1 − E + Λk

∥∥2
F

}
= argmin

E∈M

{
∥E∥2,1 + ρ

2 ∥E − Y ∥2
F

}
, (23)

where Y := V1D−1 + V2Zk+1 + Λk.

▶ Theorem 18. Let Ẽk+1 ∈ Rn×r be the optimal solution to the unconstrained version of subproblem (23),
that is,

Ẽk+1 := argmin{∥E∥2,1 + ρ

2 ∥E − Y ∥2
F }. (24)

Let

g(i) := ρ

2∥Yi·∥2
2 − ∥Ẽk+1

i· ∥2 − ρ

2∥Ẽk+1
i· − Yi·∥2

2 , (25)

for i ∈ N := {1, . . . , n}. Let ϕ be the permutation of the indices in N such that g(ϕ1) ≥ g(ϕ2) ≥ · · · ≥ g(ϕn).
Then, an optimal solution Ek+1 ∈ Rn×r of (23) is given by

Ek+1
ϕi· :=

{
Ẽk+1

ϕi· , if i ≤ γ;
0, otherwise.

(26)

Proof. From (13), we see that

(i) if 1/ρ < ∥Yi·∥2, then Ẽk+1
i· ̸= 0, and we can verify that g(i) = ρ

2

(
∥Yi·∥ − 1

ρ

)2
> 0,

(ii) if 1/ρ ≥ ∥Yi·∥2, then Ẽk+1
i· = 0, and we can verify that g(i) = 0.

From (i) and (ii), we see that Ek+1 = Ẽk+1 if ∥Ẽk+1∥2,0 ≤ γ, and the statement of the theorem trivially
follows. Therefore, in the following, we assume that ∥Ẽk+1∥2,0 > γ. Note that in this case we have that
∥Ẽk+1

ϕi· ∥2 > 0, for all i ≤ γ, so

∥Ek+1
ϕi· ∥2 > 0, for all i ≤ γ and ∥Ek+1∥2,0 = γ. (27)

Next, we will demonstrate that there is no feasible solution to (23) with a better objective value than that of
Ek+1. Let us suppose, by contradiction, that there exists a solution X ∈ Rn×r with ∥X∥2,0 ≤ γ, such that

∥X∥2,1 + ρ

2∥X − Y ∥2
F < ∥Ek+1∥2,1 + ρ

2∥Ek+1 − Y ∥2
F

⇐⇒
∑
i∈N

∥Xi·∥2 + ρ

2∥Xi· − Yi·∥2
2 <

∑
i∈N

∥Ek+1
i· ∥2 + ρ

2∥Ek+1
i· − Yi·∥2

2 . (28)

In this case, there exists ȷ̂ ∈ N , such that

∥Xȷ̂·∥2 + ρ

2∥Xȷ̂· − Yȷ̂·∥2
2 < ∥Ek+1

ȷ̂· ∥2 + ρ

2∥Ek+1
ȷ̂· − Yȷ̂·∥2

2 . (29)
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Because Ẽk+1 is optimal and X is feasible for (24), we must have

∥Xȷ̂·∥2 + ρ

2∥Xȷ̂· − Yȷ̂·∥2
2 ≥ ∥Ẽk+1

ȷ̂· ∥2 + ρ

2∥Ẽk+1
ȷ̂· − Yȷ̂·∥2

2 , (30)

otherwise we would obtain a better solution than Ẽk+1 for (24), by replacing its ȷ̂-th row with Xȷ̂· .
From (29) and (30), we can see that Ek+1

ȷ̂· ̸= Ẽk+1
ȷ̂· . Thus, from (26), we have Ek+1

ȷ̂· = 0, and (29) reduces to

∥Xȷ̂·∥2 + ρ

2∥Xȷ̂· − Yȷ̂·∥2
2 <

ρ

2∥Yȷ̂·∥2
2 .

Note that we cannot have Xȷ̂· = 0 in the inequality above, hence we have ∥Xȷ̂·∥2 > 0 and ∥Ek+1
ȷ̂· ∥2 = 0.

Now, we recall that ∥Ek+1∥2,0 = γ and ∥X∥2,0 ≤ γ, therefore for each ȷ̂ that satisfies (29), there must exist a
distinct ℓ̂ ∈ N \ {ȷ̂} such that ∥Xℓ̂·∥2 = 0 and ∥Ek+1

ℓ̂·
∥2 > 0. Moreover, because ∥Ek+1

ℓ̂·
∥2 > 0 and ∥Ek+1

ȷ̂· ∥2 = 0,
we see from (26) and (27) that ℓ̂ ∈ {ϕ1, ϕ2, . . . , ϕγ} and ȷ̂ ∈ {ϕγ+1, ϕγ+2, . . . , ϕn}, so g(ℓ̂) ≥ g(ȷ̂), that is

ρ

2∥Yℓ̂·∥
2
2 − ∥Ẽk+1

ℓ̂·
∥2 − ρ

2∥Ẽk+1
ℓ̂·

− Yℓ̂·∥
2
2 ≥ ρ

2∥Yȷ̂·∥2
2 − ∥Ẽk+1

ȷ̂· ∥2 − ρ

2∥Ẽk+1
ȷ̂· − Yȷ̂·∥2

2 . (31)

Also, from (30), we can see that
ρ

2∥Yȷ̂·∥2
2 − ∥Ẽk+1

ȷ̂· ∥2 − ρ

2∥Ẽk+1
ȷ̂· − Yȷ̂·∥2

2 ≥ ρ

2∥Yȷ̂·∥2
2 − ∥Xȷ̂·∥2 − ρ

2∥Xȷ̂· − Yȷ̂·∥2
2 . (32)

From (31) and (32), we have that
ρ

2∥Yℓ̂·∥
2
2 − ∥Ẽk+1

ℓ̂·
∥2 − ρ

2∥Ẽk+1
ℓ̂·

− Yℓ̂·∥
2
2 ≥ ρ

2∥Yȷ̂·∥2
2 − ∥Xȷ̂·∥2 − ρ

2∥Xȷ̂· − Yȷ̂·∥2
2 .

We recall that Xℓ̂· = 0 and Ek+1
ȷ̂· = 0. Moreover, ∥Ek+1

ℓ̂·
∥2 > 0, thus Ek+1

ℓ̂·
= Ẽk+1

ℓ̂·
. Then, the last inequality is

equivalent to

∥Xℓ̂·∥2 + ρ

2∥Xℓ̂· − Yℓ̂·∥
2
2 − ∥Ek+1

ℓ̂·
∥2 − ρ

2∥Ek+1
ℓ̂·

− Yℓ̂·∥
2
2

≥ ∥Ek+1
ȷ̂· ∥2 + ρ

2∥Ek+1
ȷ̂· − Yȷ̂·∥2

2 − ∥Xȷ̂·∥2 − ρ

2∥Xȷ̂· − Yȷ̂·∥2
2 ,

which we rewrite as∑
i∈{ȷ̂,ℓ̂}

∥Ek+1
i· ∥2 + ρ

2∥Ek+1
i· − Yi·∥2

2 − ∥Xi·∥2 − ρ

2∥Xi· − Yi·∥2
2 ≤ 0. (33)

Taking into account the above, we see that for each ȷ̂ that satisfies (29), there is a distinct ℓ̂ := ℓ̂(ȷ̂), such
that (33) holds for (ȷ̂, ℓ̂(ȷ̂)). Let N̂ be the set of all indices ȷ̂ ∈ N that satisfy (29) and the corresponding indices
ℓ̂(ȷ̂). Then we have∑

i∈N

∥Ek+1
i· ∥2 + ρ

2∥Ek+1
i· − Yi·∥2

2 −
∑
i∈N

(
∥Xi·∥2 + ρ

2∥Xi· − Yi·∥2
2

)
=

∑
i∈N̂

∥Ek+1
i· ∥2 + ρ

2∥Ek+1
i· − Yi·∥2

2 − ∥Xi·∥2 − ρ

2∥Xi· − Yi·∥2
2

+
∑

i∈N\N̂

∥Ek+1
i· ∥2 + ρ

2∥Ek+1
i· − Yi·∥2

2 − ∥Xi·∥2 − ρ

2∥Xi· − Yi·∥2
2

≤ 0 ,

which contradicts (28), showing that there is no better solution than Ek+1 to (23). ◀

▶ Remark 19. It is possible to verify that the result of Theorem 18 still holds if subproblem (23) is replaced by
the more general problem

Ek+1 := argmin
E∈M

n∑
i=1

f(Ei·) + ρ

2 ∥E − Y ∥2
F ,

where f : Rr → R is nonnegative with f(δ) = 0 if and only if δ = 0. For example, we could have the 2,1-norm in
the objective function of subproblem (23) replaced by the 1-norm or the square of the Frobenius norm.
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▶ Corollary 20. Let τ be the permutation of the indices in N := {1, . . . , n}, such that ∥Yτ1·∥2 ≥ ∥Yτ2·∥2 ≥ · · · ≥
∥Yτn·∥2 . Then an optimal solution of (23) is given by

Ek+1
τi· :=

{ ∥Yτi·∥2−1/ρ

∥Yτi·∥2
Yτi· , if 1/ρ < ∥Yτi·∥2 and i ≤ γ ;

0, otherwise.
(34)

Proof. Let us consider Ẽk+1 as the optimal solution of the unconstrained version of (23) defined in Proposition 6,
that is

Ẽk+1
τi· :=

{ ∥Yτi·∥2−1/ρ

∥Yτi·∥2
Yτi· , if 1/ρ < ∥Yτi·∥2 ;

0, otherwise.
(35)

Considering the notation and statement of Theorem 18, it suffices to prove that g(τ1) ≥ g(τ2) ≥ · · · ≥ g(τn).
For all i, such that 1/ρ < ∥Yτi·∥2 , we have

g(τi) = ρ

2∥Yτi·∥2
2 −

∥∥∥∥(
∥Yτi·∥2 − 1/ρ

∥Yτi·∥2

)
Yτi·

∥∥∥∥
2

− ρ

2

∥∥∥∥(
∥Yτi·∥2 − 1/ρ

∥Yτi·∥2

)
Yτi· − Yτi·

∥∥∥∥2

2

= ρ

2∥Yτi·∥2
2 −

(
∥Yτi·∥2 − 1/ρ

∥Yτi·∥2

)
∥Yτi·∥2 − ρ

2

(
1 − ∥Yτi·∥2 − 1/ρ

∥Yτi·∥2

)2
∥Yτi·∥2

2

= ρ

2∥Yτi·∥2
2 − ∥Yτi·∥2 + 1

ρ
− 1

2ρ
=

(√
ρ

2∥Yτi·∥2 −
√

1
2ρ

)2

.

We note that, because 1/ρ < ∥Yτi·∥2 , we have
√

ρ
2 ∥Yτi·∥2 −

√
1

2ρ > 0. Then, for any pair of indices j, ℓ with j < ℓ,
1/ρ < ∥Yτj ·∥2 , and 1/ρ < ∥Yτℓ·∥2 , as we have ∥Yτj ·∥2 ≥ ∥Yτℓ·∥2 , we also have g(τj) ≥ g(τℓ) > 0. Moreover, for
all i, such that 1/ρ ≥ ∥Yτi·∥2 , we have g(τi) = 0, confirming that g(τ1) ≥ g(τ2) ≥ · · · ≥ g(τn). Finally, from the
ordering ∥Yτ1·∥2 ≥ ∥Yτ2·∥2 ≥ · · · ≥ ∥Yτn·∥2 , it is clear that ∥Ẽk+1

τ1· ∥2 ≥ ∥Ẽk+1
τ2· ∥2 ≥ · · · ≥ ∥Ẽk+1

τn· ∥2 , completing
the proof. ◀

Initialization of the variables. We initialize the variables with the solution obtained by the ADMM for 2,1-norm
minimization described in Section 2.2.

Stopping criteria. We adopt the stopping criterion described in Section 2.2, additionally requiring that
∥H∥2,0 ≤ γ.

Pseudocode. In Algorithm 4, we present the ADMM algorithm for (20) .

Input: A ∈ Rm×n, Λ0 ∈ Rn×r, E0 ∈ Rn×r, ρ > 0, 0 < ω < 1, r := rank(A), ∥H2,1
opt∥2,0 .

Output: H ∈ Rn×m.
1 U, Σ, V := svd(A), k := 0;
2 Get U1, V1, V2, D−1 from U, Σ, V ;
3 M := {X ∈ Rn×r : ∥X∥2,0 ≤ γ := ωr + (1 − ω)∥H2,1

opt∥2,0};
4 while not converged do
5 J := Ek − V1D−1 − Λk;
6 Zk+1 := V T

2 J ;
7 Y := V1D−1 + V2Zk+1 + Λk;
8 τ := permutation of indices in {1, . . . , n}, such that ∥Yτ1·∥2 ≥ ∥Yτ2·∥2 ≥ · · · ≥ ∥Yτn·∥2 ;
9 for i = 1, . . . , n do

10 if ∥Yτi·∥2 > 1/ρ & i ≤ γ then Ek+1
τi· := ∥Yτi·∥2−1/ρ

∥Yτi·∥2
Yτi·; (see Cor. 20);

11 else Ek+1
τi· := 0;

12 Λk+1 := Λk + V1D−1 + V2Zk+1 − Ek+1;
13 k := k + 1;
14 H := V1D−1U T

1 + V2ZkU T
1 ;

Algorithm 4: ADMM for (20) (ADMM2,1/0)
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5 Numerical experiments

We constructed test instances of varying sizes for our numerical experiments using the MATLAB function sprand
to randomly generate m × n matrices A with rank r, as described in [10, Section 2.1]. The instances considered
in [10] were too small for our experiments, but we considered the results of this previous work by selecting
the formulations for our norm minimization problems as those in which Gurobi and MOSEK performed best,
namely (P1

123) and (P2,1
1 ). We divided our instances into two categories related to m with n := 0.5m, r := 0.25m;

small instances with m := 100, 200, . . . , 500 (S1, S2,. . . , S5) and large instances with m := 1000, 2000, . . . , 5000
(L1, L2,. . . , L5).

We ran our experiments on ‘zebratoo’, a 32-core machine (running Windows Server 2022 Standard): two
Intel Xeon Gold 6444Y processors running at 3.60GHz, with 16 cores each, and 128 GB of memory. We consider
10−5 as the tolerance to distinguish nonzero elements. The symbol ‘*’ in column ‘Time’ of our tables, indicates
that the problem was not solved to optimality because the time limit was reached, and the symbol ‘A’ indicates
that we ran out of memory. We set a time limit of 2 hours for solving each instance. We coded our algorithms in
Julia v.1.10.0.

In our first numerical experiment, we compare the solutions of ADMM1 for (P1
123) with the solutions of

Gurobi, and the solutions of ADMM2,1 for (P2,1
1 ) with the solutions of MOSEK. We used Gurobi v.11.0.0 to

solve (P1
123) as a linear-optimization problem:

min
F ∈Rn×m,

Z∈R(n−r)×r


n∑

i=1

m∑
j=1

Fij : F − V2ZU T
1 ≥ V1D−1U T

1 , F + V2ZU T
1 ≥ −V1D−1U T

1

 ,

and we used MOSEK v.10.1.21 to solve (P2,1
1 ) a second-order-cone optimization problem:

min
t∈Rn,

Z∈R(n−r)×r

{
n∑

i=1
ti :

∥∥∥∥eT
i V

[
D−1

Z

]∥∥∥∥
2

≤ ti , i = 1, . . . , n

}
.

Our first goal is to compare solutions and running times of the ADMM algorithms to state-of-the-art
general-purpose convex-optimization solvers. For this comparison, in addition to running the ADMM algorithms
with the stopping criteria described in Section 2.1 and Section 2.2, where the residual tolerances depend not only
on the parameters ϵabs and ϵrel, but also on the values of the variables that are dynamically updated throughout
the iterations (see (6–7), (14–15)), we also run the ADMM algorithms with a fixed tolerance ϵ for the Frobenius
norms of the primal and dual residuals. With this fixed tolerance, we have a more fair comparison with the
solvers that also work with a fixed tolerance. In the following, we refer to this second version of ADMM1 and
ADMM2,1 with a fixed tolerance ϵ, respectively, by ADMMϵ

1 and ADMMϵ
2,1 .

Our second goal is to compare the solutions and running times of ADMM1 (and ADMMϵ
1) to ADMM2,1

(and ADMMϵ
2,1). With these comparisons, we verify whether the different norms used to induce sparsity and

row sparsity are effective and how much we actually lose in sparsity and gain in row sparsity when applying
ADMM2,1 compared to ADMM1 .

In Table 1, we show from the first to the last column, the instance, the method adopted, the different norms
of the solutions and the (elapsed) running time (in seconds). In the second column, the labels identifying the
methods are: Gurobi, ADMM1 , and ADMMϵ

1 applied to solve (P1
123) ; MOSEK, ADMM2,1 , and ADMMϵ

2,1 applied
to solve (P2,1

1 ).
The following parameters were used.
Gurobi: optimality and feasibility tolerances of 10−4;
ADMM1 : ϵabs = ϵrel := 10−4, ρ := 3;
ADMMϵ

1 : ϵ := 10−4, ρ := 3;
MOSEK: optimality and feasibility tolerances of 10−5;
ADMM2,1 : ϵabs = ϵrel := 10−7, ρ := 1.
ADMMϵ

2,1 : ϵ := 10−5, ρ := 1;
We note that we initially tried to select the values of ϵabs, ϵrel and ϵ, all equal to 10−4. However, when we

ran our experiments with MOSEK using tolerance 10−4, we observed solutions with much higher 2,0-norms than
the solutions of ADMMϵ

2,1 (probably because MOSEK is using interior-point methods). To get a fair comparison
between MOSEK and ADMMϵ

2,1 with comparable solutions in terms of row-sparsity, we selected the smaller
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tolerance of 10−5 for both. Finally, the small tolerance of 10−7 was selected for ADMM2,1 to highlight the fast
convergence of this algorithm even for small tolerances, which was not the case for ADMM1 .

Table 1 Comparison between ADMM and solvers

Inst. Method ∥H∥1 ∥H∥0 ∥H∥2,1 ∥H∥2,0 Time (sec)

S1

Gurobi 194.28 3734 39.14 44 6.06
ADMMϵ

1 194.28 3733 39.14 44 1.67
ADMM1 194.29 4152 39.13 50 0.32
MOSEK 211.60 3824 36.10 42 1.43
ADMMϵ

2,1 211.60 3819 36.10 39 0.08
ADMM2,1 211.60 3819 36.10 39 0.08

S2

Gurobi 539.70 14943 79.91 90 119.21
ADMMϵ

1 539.71 14927 79.91 90 71.58
ADMM1 539.79 16804 79.89 99 3.38
MOSEK 595.24 16222 73.41 84 0.38
ADMMϵ

2,1 595.24 16219 73.41 83 0.01
ADMM2,1 595.24 16219 73.41 83 0.02

S3

Gurobi 868.19 33756 119.40 133 2295.54
ADMMϵ

1 868.19 33702 119.40 134 309.21
ADMM1 868.42 38962 119.43 150 7.48
MOSEK 972.46 34723 109.98 118 29.96
ADMMϵ

2,1 972.47 34729 109.98 117 0.24
ADMM2,1 972.47 34729 109.98 117 0.33

S4

Gurobi - - - - *
ADMMϵ

1 1339.90 64174 163.73 194 870.73
ADMM1 1340.32 73519 163.74 200 11.81
MOSEK 1504.61 67338 150.07 193 2.33
ADMMϵ

2,1 1504.64 66956 150.07 171 0.26
ADMM2,1 1504.64 66956 150.07 171 0.33

S5

Gurobi - - - - *
ADMMϵ

1 1870.64 100758 208.31 245 1030.52
ADMM1 1871.28 115194 208.31 250 16.20
MOSEK 2102.71 106021 190.28 237 5.48
ADMMϵ

2,1 2102.77 105312 190.28 217 0.31
ADMM2,1 2102.77 105312 190.28 217 0.48

L1

Gurobi - - - - *
ADMMϵ

1 4886.76 409821 425.60 492 3178.79
ADMM1 4890.11 471964 425.67 500 47.44
MOSEK 5637.29 437653 384.94 480 40.90
ADMMϵ

2,1 5637.67 435820 384.94 444 1.03
ADMM2,1 5637.67 435820 384.94 444 0.58

L2

Gurobi - - - - *
ADMMϵ

1 11781.79 1622951 853.10 987 *
ADMM1 11799.06 1901119 853.46 1000 141.72
MOSEK 14098.24 1757540 765.78 978 443.30
ADMMϵ

2,1 14099.58 1746738 765.78 891 2.14
ADMM2,1 14099.58 1746741 765.78 891 2.26

L3

Gurobi - - - - *
ADMMϵ

1 20459.62 3672370 1306.86 1488 *
ADMM1 20495.70 4286145 1307.31 1500 292.84
MOSEK - - - - A
ADMMϵ

2,1 24904.76 4014677 1160.70 1367 4.25
ADMM2,1 24904.76 4014676 1160.70 1367 4.05

L4

Gurobi - - - - *
ADMMϵ

1 30029.31 6474511 1738.97 1995 *
ADMM1 30089.82 7595298 1739.63 2000 475.33
MOSEK - - - - A
ADMMϵ

2,1 36984.26 7075074 1547.08 1813 7.65
ADMM2,1 36984.26 7075080 1547.08 1813 7.23

L5

Gurobi - - - - *
ADMMϵ

1 40716.32 10285553 2191.30 2498 *
ADMM1 40805.04 11876100 2192.73 2498 656.24
MOSEK - - - - A
ADMMϵ

2,1 50516.23 11223830 1947.08 2297 14.40
ADMM2,1 50516.22 11223836 1947.08 2297 12.91

From the results in Table 1, we see that with the application of Gurobi to our linear-optimization model
for (P1

123) , we can only solve the three smallest instances. ADMMϵ
1 converges for all small instances and for one

large instance as well. When using the looser dynamic stopping criterion, we have convergence of ADMM1 for
all instances tested. ADMMϵ

1 and Gurobi converge to very similar solutions when both converge, but ADMMϵ
1

converges much faster, showing the advantage of the application of the ADMM algorithm over our application of
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Gurobi to construct 1-norm minimizing ah-symmetric reflexive generalized inverses. ADMM1 , with the dynamic
stopping criterion, converges much faster than ADMMϵ

1 for all tested instances and, comparing the solutions of
both algorithms, we see only an increase of at most 0.1% in the 1-norm of the solutions obtained by ADMM1 ,
although the 0-norms increase by about 10%.

Analyzing now the statistics for ADMMϵ
2,1 and ADMM2,1 , we see that both algorithms converge for all

instances tested to solutions with the same 2,1-norms, and both take less than 15 seconds on the largest instance.
The ADMM for the 2,1-norm is robust and quickly converges to high-precision solutions. MOSEK did not solve
the three largest instances due to lack of memory, and for the other instances, MOSEK took much longer than the
ADMM algorithms and obtained solutions with the same 2,1-norms. The results in Table 1 show high superiority
of the ADMM algorithm proposed to construct 2,1-norm minimizing ah-symmetric reflexive generalized inverses,
when compared to our application of MOSEK. We note from the 2,0-norms of the solutions, that the minimization
of the 2,1-norm is in fact a more effective strategy to induce row sparsity than the minimization of the 1-norm.
Moreover, we always obtain fewer nonzero rows with ADMM2,1 than with MOSEK.

Finally, we can observe from the statistics in Table 1, that ADMM2,1 converges much faster than ADMM1 . In
Figure 1, we illustrate the convergence of these algorithms, showing that the number of iterations for ADMM2,1
is also much lower. Although Figure 1 corresponds to instance L1 only, it illustrates the typical behavior in our
experiments.

(a) (b)

Figure 1 Convergence: ADMM1 vs. ADMM2,1 ; m, n, r = 1000, 500, 250 (Instance L1)

We also note from Table 1 that, as expected, ADMMϵ
1 obtains the sparsest solutions among the four ADMM

algorithms tested, but at a high computational cost. Therefore, if our goal is to compute solutions quickly, we
should note that although ADMM2,1 aims at row sparsity, it is actually more effective than ADMM1 at obtaining
sparse solutions.

Finally, we note that our goal when setting the parameters of the solvers was to achieve the best possible
performance. In the case of Gurobi, this was achieved by letting Gurobi choose the algorithm. We also
experimented with selecting specific algorithms, but Gurobi did not perform well. From the Gurobi log for an
instance, we can see that it starts with a barrier method and then uses a dual simplex method, but this can
change depending on the difficulty of the instance for Gurobi.

For MOSEK, we can see that it recognizes each instance as a conic optimization problem, for which MOSEK
employs a primal-dual interior point algorithm. From MOSEK’s log for some instances, we can see that it performs
many fewer iterations than ADMM2,1 and ADMMϵ

2,1 , but each iteration of MOSEK takes much longer than
the iterations of the ADMM algorithm. We can then conclude that, for the instances considered, solving the
linear system of equations to obtain the Newton direction in the primal-dual interior point method iterations is
much more computationally expensive than updating the variables in ADMM2,1 with the closed-form formulas
presented in Algorithm 2.

In our second numerical experiment, our goal is to verify the efficiency of the ADMM algorithms described in
Section 4 (ADMM2,0 and ADMM2,1/0), in computing ah-symmetric reflexive generalized inverses within the
target 2,0-norm given by ωr + (1 − ω)∥H2,1

opt∥2,0 , where H2,1
opt is the solution obtained by ADMM2,1 . We also aim

at observing the trade-off between the norms of the ah-symmetric reflexive generalized inverses obtained by these
algorithms while varying ω in the interval (0, 1). We note that for ω = 0, the target 2,0-norm is the 2,0-norm of
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the 2,1-norm minimizing generalized inverse H2,1
opt , while for ω = 1, the target 2,0-norm is r, the smallest possible

2,0-norm of an ah-symmetric reflexive generalized inverse. Then, increasing ω in the interval (0, 1), we intend to
construct ah-symmetric reflexive generalized inverses with decreasing 2,0-norms, and we would like to see the
impact on the 1- and 2,1-norms of the matrices. We are particularly interested in verifying if the 1- and 2,1-norms
of the solutions obtained by ADMM2,0 are too large, and how effective ADMM2,1/0 is in decreasing the 2,1-norm
with respect to ADMM2,0 . We recall that the problems addressed by both algorithms are nonconvex, therefore
there is no guarantee of convergence of these ADMM algorithms. The first is a feasibility problem and seeks any
solution within the target 2,0-norm, while the second seeks solutions within the target 2,0-norm and minimum
2,1-norm. We run both ADMM algorithms for the large instances, for ω = 0.25, 0.50, 0.75, 0.80, 0.90, 0.95, and
compare the solutions obtained with H2,1

opt and with the local-search solutions described in Section 3. The first
one, denoted in the following by LS, uses the absolute determinant as a criterion to improve a given solution.
The linearly-independent rows and columns of A used to construct its initial solution are obtained from the QR
factorization of A. The second one, denoted in the following by LS2,1 , starts with the solution of LS, and try to
improve it using the 2,1-norm as the criterion for improvement. In this case, the result in Proposition 16 is used
in the implementation. We recall that both local-search procedures construct ah-symmetric reflexive generalized
inverses with 2,0-norms equal to r.

Table 2 ADMM2,0 / ADMM2,1/0 for target 2,0-norm, for various ω

Inst. Method ∥H∥1 ∥H∥0 ∥H∥2,1 ∥H∥2,0 Time (sec)

L1

ADMM2,1 5637.7 435820 384.9 444 0.6
ω = 0.25 6044.9 5796.4 388481 388547 393.5 387.1 395 0.8 26.9
ω = 0.50 6836.2 6325.5 341730 341640 411.6 398.7 347 1.4 20.2
ω = 0.75 8956.9 7686.8 293605 293557 483.2 441.9 298 3.2 26.3
ω = 0.80 9759.6 8691.6 283825 283825 512.1 474.1 288 3.8 36.9
ω = 0.90 12467.8 11164 265108 265133 613.0 566.2 269 8.1 42.6
ω = 0.95 15223.1 13143.9 255298 255287 729.5 643.8 259 19.5 33.1
LS 10797.9 246392 589.9 250 4.4
LS2,1 10452.9 246373 570.5 250 9.4

L2

ADMM2,1 14099.6 1746741 765.8 891 2.3
ω = 0.25 15084.8 14576.0 1557984 1558091 781.5 769.2 793 2.8 22.0
ω = 0.50 17169.9 16068.1 1367070 1366850 807.8 790.0 695 5.4 85.6
ω = 0.75 23083.7 20739.7 1173280 1175007 932.4 883.6 597 11.6 93.1
ω = 0.80 26747.9 22149.5 1133992 1137706 1020.3 915.0 578 12.6 83.7
ω = 0.90 34401.6 30997.8 1061345 1061284 1231.7 1138.1 539 81.8 155.5
ω = 0.95 51969.9 40647.4 1022152 1022053 1734.5 1412.2 519 273.3 272.9
LS 32796.0 984545 1272.5 500 15.2
LS2,1 31583.0 984526 1232.4 500 66.2

L3

ADMM2,1 24904.8 4014676 1160.7 1367 4.0
ω = 0.25 26922.6 25896.1 3568117 3567608 1184.4 1166.2 1212 6.9 114.5
ω = 0.50 32515.0 29371.3 3116491 3115482 1249.9 1206.6 1058 15.1 121.1
ω = 0.75 45489.9 40631.5 2660981 2663715 1482.5 1395.7 904 28.1 183.0
ω = 0.80 51695.7 45042.0 2568254 2572501 1609.5 1485.9 873 34.8 287.2
ω = 0.90 70276.9 61176.6 2387213 2389950 2027.8 1826.9 811 69.1 283.6
ω = 0.95 94905.5 83185.4 2298796 2298668 2580.9 2322.2 780 376.9 589.0
LS 69338.6 2209609 2131.2 750 26.8
LS2,1 62062.7 2208832 1974.1 750 380.4

L4

ADMM2,1 36984.3 7075080 1547.1 1813 7.2
ω = 0.25 40413.6 38780.2 6302160 6301531 1582.1 1556.5 1609 9.2 147.5
ω = 0.50 49000.8 44611.0 5519866 5517665 1665.2 1612.3 1406 19.6 225.8
ω = 0.75 69070.6 60934.9 4722393 4727485 1967.3 1839.5 1203 35.5 437.8
ω = 0.80 77766.4 68502.2 4559968 4567287 2117.3 1964.7 1162 42.6 423.8
ω = 0.90 112003.5 93549.8 4247329 4250758 2747.0 2417.1 1081 103.0 727.3
ω = 0.95 154855.3 129358.9 4086725 4090408 3592.4 3125.0 1040 183.5 864.6
LS 124026.2 3932651 3162.3 1000 93.9
LS2,1 111118.3 3932550 2902.5 1000 1335.4

L5

ADMM2,1 50516.2 11223836 1947.1 2297 12.9
ω = 0.25 55039.3 53092.0 9971973 9981248 1987.4 1958.6 2035 10.4 126.2
ω = 0.50 66928.5 61609.2 8713776 8715794 2091.4 2033.1 1773 24.3 681.0
ω = 0.75 95752.6 84276.1 7426600 7439856 2478.9 2329.6 1511 48.7 456.6
ω = 0.80 106328.0 93241.4 7172048 7185451 2636.9 2461.0 1459 61.0 668.3
ω = 0.90 161475.1 131572.0 6661864 6672091 3563.9 3073.8 1354 136.8 935.5
ω = 0.95 222013.5 185469.1 6413109 6412843 4653.3 4009.2 1302 332.1 1214.1
LS 195014.1 6160665 4401.7 1250 192.4
LS2,1 168359.4 6159949 3893.4 1250 5256.7

In Table 2, we have the same information presented in Table 1. In the second column, we identify the methods
addressed. For each value of ω, we have in each column, first the information for ADMM2,0 , and then for
ADMM2,1/0 . Both algorithms always obtain solutions with the target 2,0-norm, and therefore, there is only one
result for ∥H∥2,0 for each ω. Next, we present some important details about these algorithms.

For ADMM2,0 and ADMM2,1/0 , we consider Hi· to be a row of all zeros if ∥Hi·∥2 ≤ 10−5.
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The parameter ρ is not used in the calculations of ADMM2,0 , so any ρ > 0 could be used to define the
augmented Lagrangian function considered in Section 4.1.
For ADMM2,1/0 , we consider ρ := 104 until we obtain ∥H∥2,0 ≤ γ and the Frobenius norm of the primal
residual is less than 10−4. Then we update ρ at each iteration if the Frobenius norm of the primal residual
remains less than 10−4, by setting ρ := ρ/α, where α ranges from 2 to 1, starting at the largest value. The
convergence of ADMM for a nonconvex problem is not guaranteed; and the selection of ρ described above was
important to obtain convergence of ADMM2,1/0 for all tested instances (see, for example, [2, Section 3.4.1],
for a discussion of the update of ρ in the ADMM algorithm). The large value of ρ used to start the algorithm
is related to the observed difficulty in satisfying the nonconvex constraint. Large values for ρ leads to a fast
convergence of the primal residual to zero, so we were able to satisfy ∥H∥2,0 ≤ γ. However, with large ρ we
have very slow convergence of the Frobenius norm of the dual residual to zero. Therefore, when we have
∥H∥2,0 ≤ γ with Frobenius norm of the primal residual less than 10−4, we set ρ := ρ/α, if the Frobenius
norm of the primal residual remains less than 10−4. Otherwise, we iteratively decrease α and then update ρ,
until the Frobenius norm of the primal residual remains less than 10−4 with the current ρ or α = 1.
For ADMM2,1/0 , in addition to using the solution of ADMM2,1 to initialize the algorithm, we experimented
with initializing it with the solution of ADMM2,0 , however, in this case the algorithm failed to converge for
some instances.
For ADMM2,1/0 , we set the parameters ϵabs = ϵrel := 10−4.
From the results presented in Table 2, we can observe that ADMM2,0 computes ah-symmetric reflexive

generalized inverses with the target 2,0-norms for all instances and all values of ω in less than 400 seconds.
Increasing ω leads to slower convergence (in Figure 2, we illustrate this result, where we see a better behavior of
the algorithm for ω ≤ 0.80). Despite disregarding the 1- and 2,1-norms in the formulation of problem (16), for

(a) (b)

Figure 2 Norms per iteration: ADMM for target 2,0-norm ωr + (1 − ω)∥H2,1
opt∥2,0 ; m, n, r =

1000, 500, 250 (Instance L1)

which ADMM2,0 is applied, the trade-off between the 2,0-norm and the 1- and 2,1-norms when ω increases is very
clear from the results in Table 2. The 1- and 2,1-norms of the solutions are relatively small, probably because we
start ADMM2,0 with a Frobenius-norm minimizing solution (see discussion in Section 2.1). This initialization
was, in fact, very important in this case. When using different initializations we observed solutions with large
1- and 2,1- norms. For ω = 0.80, for example, we see that ADMM2,0 is an excellent approach to construct
fast structured ah-symmetric reflexive generalized inverses with small 2,1-norms for our test instances, when
compared to the 2,1-norm of the local-search procedures, even LS2,1 , that can actually obtain solutions with
significant smaller 2,1-norm than LS, but at a high computational cost. We note that ADMM2,0 , for ω = 0.80,
scales even better than the fastest local-search LS, converging in 61 seconds for the largest instance while LS
takes 192.4 seconds to converge. The number of nonzero rows in the solutions obtained with ω = 0.80 is always
small when compared to H2,1

opt , and the 1- and 2,1-norms are always small when compared to the local-search
solution. Observing now the results for ADMM2,1/0 , we see that it is effective in obtaining solutions with smaller
2,1-norm than ADMM2,0 , but again, at a much greater computational cost. An important observation from
our experiments is that, with our parameter settings, the ADMM algorithms proposed for the two nonconvex
problems addressed in Section 4, converge for all tested instances.
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Figure 3 is a visual representation of the “L5 block” of Table 2. We are comparing ADMM2,0 and ADMM2,1/0 ,
varying ω ∈ {0.25, 0.50, 0.75, 0.80, 0.90, 0.95}, to obtain a row-sparse solution, for the largest instance that we
have considered. Additionally, we compare ADMM2,1 (at the left of the figure), and the local searches LS and
LS2,1 (at the right of the figure). In blue, we show the 2,1-norms of the solutions, scaled by 1/2 for convenience.
The solid blue line corresponds to ADMM2,0 and the dashed blue line corresponds to ADMM2,1/0 . In red, we
show the 2,0-norms of the solutions; they are the same for ADMM2,0 and ADMM2,1/0 . Under the horizontal axis,
the first row indicates the algorithm, with the numeric values corresponding to ω for ADMM2,0 and ADMM2,1/0 .
The second row indicates the running times for ADMM2,1 , ADMM2,0 for each ω, LS and LS2,1 . The third row
indicates the running times for ADMM2,1/0 .

There is no overall winner, and the best choice depends on considering the 2,0-norm, the 2,1-norm, and
the elapsed time. For modest to moderate values of ω, say ω ∈ {0.25, 0.50, 0.75, 0.80}, we can see a reasonable
trade-off in 2,0-norm vs. 2,1-norm, and with a modest but increasing elapsed time. For the larger values of ω, we
pay a large penalty in the 2,1-norm for further decrease in the 2,0-norm, and the elapsed time grows as well.
Still, some user might prefer the solution of say ADMM2,1/0 at ω = 0.95 to the local search LS, giving a lesser
2,1-norm and only slightly greater 2,0-norm, albeit with a much greater elapsed time. If one is willing to suffer
a very long elapsed time, the local search LS2,1 dominates both the 2,1-norm and 2,0-norm of ADMM2,1/0 at
ω = 0.95.

Figure 3 Comparison of our algorithms aimed at row-sparsity on a large instance

6 Conclusions

The results from the numerical experiments performed in this work show that the four ADMM algorithms
developed are effective in obtaining sparse and row-sparse ah-symmetric reflexive generalized inverses. It
is important to note that only two of the four ADMM algorithms address convex optimization problems,
and there is no guarantee of convergence for the other two. Nevertheless, all four of the algorithms obtain
good results and always converge. The code and data associated with our experiments can be obtained at
https://github.com/GabrielPonte/admmGinv/.

If ensuring convergence to the global optimum is an important point, the algorithms ADMM1 (aimed at
inducing sparsity) and ADMM2,1 (aimed at inducing row-sparsity) are well suited, as they address convex
optimization problems. Both algorithms converge faster than general-purpose optimization solvers. Comparing

https://github.com/GabrielPonte/admmGinv/
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both algorithms, the convergence of ADMM2,1 is much faster than ADMM1 , and it converges in many fewer
iterations. ADMM2,1 is robust and quickly converges to high-precision solutions. As expected, the minimization
of the 2,1-norm is more effective than the minimization of the 1-norm if we are aiming for low 2,0-norm (i.e.,
row-sparse solutions). But if we seek low 0-norm (i.e., sparse solutions), we naturally should instead minimize the
1-norm. ADMMϵ

1 obtains the sparsest solutions, but we can expect a high computational cost to have convergence
to such solutions. If we are aiming for sparse solutions computed quickly, then ADMM2,1 and ADMMϵ

2,1 are
preferred to ADMM1 .

If we do not require guaranteed convergence to a global optimum, the ADMM algorithms developed for the
nonconvex problems addressed, where we limit the number of nonzero rows in the solution, are very effective in
obtaining row-sparse solutions. Moreover, interesting solutions can be obtained with these algorithms by varying
the number of nonzero rows allowed. Decreasing this number from the 2,0-norm of the 2,1-norm minimizing
ah-symmetric reflexive generalized inverse of a given matrix A, until it approaches the minimum number of
rows (given by rank(A)), we see an increase in the 1- and 2,1-norms of the solutions. With an appropriate
number of nonzero rows allowed, ADMM2,0 becomes an excellent approach to quickly construct structured
ah-symmetric reflexive generalized inverses with small 2,1-norms. ADMM2,0 scales even better than our fastest
local-search. ADMM2,1/0 , is effective in obtaining solutions with smaller 2,1-norm than ADMM2,0 , but at a
much greater computational cost. If one insists on a solution with minimum 2,0-norm, then the local searches
are quite appropriate. In summary, there is no overall winner, and all of our algorithms have their use, as one
trades off 2,0-norm, 2,1-norm and elapsed time.

We note that the ADMM algorithms for the 1- and 2,1-norms presented in Section 2.1 and Section 2.2 have
their convergence guaranteed to an optimal solution by general convergence results for ADMM algorithms that
can be found, for example, in [2, Section 3.2]. The nonconvexity of the feasibility problems addressed in Section 4
precludes the direct use of these results. There are convergence results for ADMM applied to nonconvex problems,
but the ones that we are aware of (for example, [22]) do not apply to our situation. Nevertheless, because we
were able to get practical convergence for our nonconvex ADMMs, exploring a theoretical reason for this looks
to be a promising direction for future research.

ADMM is just one proximal-gradient algorithm, and there are other such algorithms, and relatives as well.
We see our work as opening the door for examining whether any other algorithms of this type may further
improve the state-of-the-art for the computation of row-sparse ah-symmetric reflexive generalized inverses.
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A Ranks one and two

Following the ideas of [23], we consider the construction of a 2,1-norm minimizing ah-symmetric reflexive
generalized inverse based in Theorem 7, for the cases where rank(A) ∈ {1, 2}.

▶ Theorem 21. Let A be an arbitrary m × n, rank-1 matrix. Choose any row s ∈ {1, . . . , m} (except a zero row),
then define t := argmaxj{|Asj | : j = 1, . . . , n}. Let â be column t of A. Then the n × m matrix H constructed by
Theorem 7 over â, is an ah-symmetric reflexive generalized inverse of A with minimum 2,1-norm.

Proof. First, note that ∥â†∥2 = ∥(âTâ)−1âT∥2 =
∥∥∥ 1

∥â∥2
2
âT

∥∥∥
2

= 1
∥â∥2

, and construct W from Lemma 14 with
E = ∥â†∥2. As we have a rank-1 matrix, W is an m × n matrix with all elements equal to zero except
Wst = ∥â†∥2/Ast . Then, ATW is a matrix with all elements equal to zero, except for column t which is
(ATW )it = Asi∥â†∥2

Ast
= Asi

Ast∥â∥2
, then (ATWAT)ij = AsiAjt

Ast∥â∥2
, and so ∥(ATWAT)i·∥2 = |Asi|

|Ast| ∥â∥2
∥â∥2 = |Asi|

|Ast| , for
all i = 1, . . . , n, j = 1, . . . , m.

For i = t we have an active dual constraint, and for i ̸= t we have ∥(ATWAT)i·∥2 ≤ 1. Then by weak duality,
we have that the constructed H is optimal for (P 2,1

1 ). ◀

Generally, when rank(A) = 2, we cannot construct a 2,1-norm minimizing ah-symmetric reflexive generalized
inverse based on the column-block construction. Even under the condition that A is totally unimodular and
m = r, we have the example: A := [ 1 1 0

0 1 1 ]. We have an ah-symmetric reflexive generalized inverse with minimum
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2,1-norm
√
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2
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1 +

√
3
)
, H := 1
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3+
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3

√
3−3

3−
√

3 3−
√

3√
3−3 3+

√
3

]
. However, the three ones based on our column block construction

have 2,1-norm 1 +
√

2, 2, 1 +
√

2, respectively.
Next, we demonstrate that under an efficiently-checkable technical condition, when rank(A) = 2, construction

of a 2,1-norm minimizing ah-symmetric reflexive generalized inverse can be based on the column block construction.
Let T be an ordered subset of r elements from {1, . . . , n} and Â := A[ · , T ] be the m × r submatrix of an m × n

matrix A formed by columns T , and rank(Â) = r. Let S be an ordered subset of r elements from {1, . . . , m},
such that Ã := A[S, T ] is a nonsingular matrix.

▶ Lemma 22. Let k ∈ {1, 2} and σ(k) := {1, 2} \ {k}. For rank 2, ∥Â†
k·∥2

2 = ∥Â·σ(k)∥2
2

det(ÂTÂ) .

Proof. We have Â†
i· = (ÂTÂ)−1

i· Â, then ∥Â†
k·∥2

2 = (ÂTÂ)−1
k· ÂTÂ((ÂTÂ)−1

k· )T = eT
k((ÂTÂ)−1

k· )T = (ÂTÂ)−1
k· ek =

(ÂTÂ)−1
kk = ∥Â·σ(k)∥2

2
det(ÂTÂ) . ◀

▶ Theorem 23. Let A be an arbitrary m × n, rank-2 matrix. For any j1, j2 ∈ {1, . . . , n}, with j1 < j2, let
Â := [âj1 âj2 ] be the m × 2 submatrix of A formed by columns j1 and j2. Suppose that j1, j2 are chosen to
minimize the 2,1-norm of Ĥ := Â† among all m × 2 rank-2 submatrices of A. Every column b̂ of A, can be
uniquely written in the basis âj1 , âj2 , say b̂ = β1âj1 + β2âj2 . Suppose that for each such column b̂ of A we have
|β1| + |β2| ≤ 1. Then the n × m matrix H constructed by Theorem 7 based on Â, is an ah-symmetric reflexive
generalized inverse of A with minimum 2,1-norm.

Proof. Let α1 := ∥Â†
1·∥2/∥Â·2∥2

2 and α2 := ∥Â†
2·∥2/∥Â·1∥2

2 , and construct W from Lemma 14 with

E :=
[

∥Â†
1·∥2 −α1ÂT

·1Â·2

−α2ÂT
·1Â·2 ∥Â†

2·∥2

]
,

so ÂTWAT = EÂT, and let k ∈ {1, 2} and σ(k) := {1, 2} \ {k}. Then we have

∥(ÂTWAT)k·∥2
2 = ∥Ek·Â

T∥2
2 =

∥Â†
k·∥2

2

∥Â·σ(k)∥4
2

(
∥Â·k∥2

2∥Â·σ(k)∥4
2 − (ÂT

·kÂ·σ(k))2∥Â·σ(k)∥2
2

)
=

∥Â†
k·∥2

2

∥Â·σ(k)∥2
2

(∥Â·k∥2
2∥Â·σ(k)∥2

2 − (ÂT
·kÂ·σ(k))2)

=
∥Â†

k·∥2
2

∥Â·σ(k)∥2
2

((ÂTÂ)kk(ÂTÂ)σ(k)σ(k) − (ÂTÂ)kσ(k)(ÂTÂ)σ(k)k) =
∥Â†

k·∥2
2

∥Â·σ(k)∥2
2

det(ÂTÂ) = 1,

where the last equation comes from Lemma 22. As b̂ = β1âj1 + β2âj2 , then

∥b̂TWAT∥2 = ∥β1âT
j1

WAT + β2âT
j2

WAT∥2 ≤ ∥β1âT
j1

WAT∥2 + ∥β2âT
j2

WAT∥2

= |β1| · ∥âT
j1

WAT∥2 + |β2| · ∥âT
j2

WAT∥2 = |β1| + |β2| ,

where the inequality comes from the triangle inequality. Then |β1| + |β2| ≤ 1 ⇒ ∥b̂WAT∥2 ≤ 1, so by weak
duality, we establish that the constructed H is optimal. ◀
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